CHAPTER 5

Reduction and applications

We begin this chapter by describing “symplectic” reduction of closed but not
necessarily non-degenerate two-forms. We then generalize this procedure to an
abstract moment map, while keeping track of various additional structures. This
treatment is partially taken from [CKT], where we carefully reduced orientations,
almost complex structures, stable complex structures, and Spin® structures. (In
this book we postpone Spin® reduction to Section 3.4 of Appendix D.) We then
prove the Duistermaat—Heckman theorem about the variation of the reduced sym-
plectic form. Next, we explain the reduction of Kéhler structures and consider an
important special case—toric varieties, as reductions of C?. We prove that cobor-
dism commutes with reduction, i.e., cobordant spaces have cobordant reductions.
Together with the linearization theorem of Chapter 4, this implies that, for a Hamil-
tonian torus action with isolated fixed points, the reduced space is cobordant to a
disjoint union of (stable complex) toric varieties. This important fact was observed
by Shaun Martin in his study of the cohomology ring of reduced spaces [Mart1].
We use this fact in Chapter 8, in our cobordism proof of “quantization commutes
with reduction”. Finally, we give a topological interpretation of the Jeffrey—Kirwan
localization, which was one of the motivations for the development of this cobordism
theory.

1. (Pre-)symplectic reduction

Let (M,w, ®) be a Hamiltonian G-space for a torus G. Recall that by definition
the moment map ® is G-invariant. Hence, G acts on each level set of the moment
map ®. The reduced space is the quotient

M, = 7Z/G, 7 =& a).
It is useful to keep in mind the inclusion-quotient diagram

7 4 M
(5.1) 7l
M,

More generally, we may consider the reduced space M, = ®!(a)/G whenever
G is a Lie group acting properly on M and the value « is in the subspace (g*)¢
which is fixed under the coadjoint action (e.g., & = 0), so that G acts on &~ (a).
(If in the non-abelian case « is not preserved by the coadjoint action, the reduction
procedure requires some modifications. For example, the G-action on Z should be
replaced by the G,-action.)

Suppose that « is a regular value for g*. Then the level set ® () is a man-
ifold of dimension dim M — dim G, by the implicit function theorem. Also, the
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64 5. REDUCTION AND APPLICATIONS

G-action on @~ !(a) is locally free. This means that the stabilizers are discrete, or,
equivalently, that the infinitesimal stabilizer

gp=16€g | {m(p) =0}

(see Section 1.5 of Appendix B) is trivial for all p. Indeed, since « is a regular
value, d® # 0 for any £ € g. Then, since

d¢£|p = L(fM)W‘pa

we see that &xar(p) # 0 for any £ € g which exactly means that the action is locally
free, i.e., g, = 0.

The quotient M,, = Z/G is then an orbifold and the map Z — M, is a principal
G-orbi-bundle. (See Section 3.1 of Appendix B.) In the special case that G acts on
Z freely, M, is a manifold and Z — M, is a principal G-bundle.

In particular, we have

dim M, =dimM — 2dim G  if « is regular.

(Pre-)symplectic reduction asserts that the two-form w on M descends to a
two-form w, on the quotient M,. Originally symplectic reduction was introduced
for symplectic forms (see, e.g., [MW]); hence the name. However, as was later
observed, it is sufficient to assume that w is closed and G-invariant:

THEOREM 5.1 (Symplectic reduction). Let (M,w, ®) be a Hamiltonian G-space.
Suppose that « € (g*)¢ is a regular value for ®; or, more generally, that the level
set ®~1(a) is a manifold and G acts on it locally freely. Then there exists a unique
closed two-form w,, on M, such that n*w, = i*w, where w: Z — M, is the quotient
map and i: Z — M is the inclusion map. The reduced form w, is non-degenerate
on My, if and only if the form w is non-degenerate on M at the points of ®~1(a).

If a Lie group G acts properly and locally freely on a manifold Z, a differential
form 3 on Z is the pullback of some form on the orbifold G/Z if and only if 3 is
basic, meaning that (3 satisfies the following two conditions. First, § is G-invariant.
Second, § is horizontal, meaning that (z)8 = 0 for all the vector fields £z, £ € g,
that generate the action.

PrOOF OF THEOREM 5.1. The two-form ¢*w is G-invariant because w is G-
invariant; it is horizontal because t(ar)i*w = d®¢ o4, which vanishes because ®
is constant on ® !(a). Hence, i*w is basic, and there exists an w, such that
T We = 1" w.

To prove the non-degeneracy assertion of the theorem, first note that the null
space of w in Z is equal to the sum of the null space of w in M and the tangent
space to the orbit. In other words, for m € Z,

{ueT,Z|w(u,v)=0forallveT,Z}
={ueTp,M|w(uv)=0frallveT,M}+ {{u(m) | < g}

We leave the proof of this fact to the reader as an exercise. Furthermore, a vector
u belongs to the null space of w in Z if and only if its image w.u in T M, belongs
to the null space of w, in M,. This implies that w is non-degenerate at the points
of Z if and only w, is non-degenerate. O

EXAMPLE 5.2. Let S! act on C**! by scalar multiplication. The moment map
for the standard symplectic form is ®(z) = £ 37" |z;[% Its level set Z = @ '(«)
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is the (2n + 1)-sphere in C"*! of radius v/2a. The quotient M, = Z/S! is CP".
The reduced symplectic form w, is the Fubini—-Study form on CP".

EXAMPLE 5.3. Take the phase space of a system of N particles, RV, with R3
acting by translations, as described in Example 2.3. The reduced space M, is ob-
tained by fixing the total linear momentum and ignoring simultaneous translations
of the N particles. Hence, M, describes the system relative to the center of mass.

Symplectic reduction provides a notion of a quotient in the symplectic category.
Namely, suppose that we have a symplectic manifold M with an action of a group
G. The naive set theoretic quotient M /G is not naturally symplectic; it might even
be odd-dimensional. Instead, one defines the symplectic quotient to be the reduced
space ®71(0)/G. This is denoted M//G. In spite of its ambiguity (if the moment
map is allowed to shift), this definition works well for many purposes.

If «v is a singular value of the moment map @, the reduced space M, = ®*(«)
is a stratified space, and the two-form w still reduces to a two-form w, on M, in
an appropriate sense. See [ACG, SL] and references therein.

2. Reduction for abstract moment maps

Let G be a torus. Recall that an abstract moment map on a G-manifold M is
a smooth invariant map
U: M —g*
such that for any subgroup H of G, the H-component WH: M — bh* is locally
constant on the H-fixed point set M. (See Chapter 3.)
As for ordinary moment maps, we define the reduced space

M, = 7Z/G, 7 =3 Ya),
and consider the inclusion-quotient diagram

i

Z — M

Tl
M,

2.1. Regular reduced spaces. If (M,w) is a symplectic manifold with a
torus action and ® is a moment map, the torus acts locally freely on the regular
level sets of ®. The same holds for abstract moment maps; the proof is only slightly
harder:

LEMMA 5.4. Let a torus G act on a manifold M with an abstract moment map
V. If a is a regular value of U, the G-action on the level set UW—1(a) is locally free.

PRrROOF. It is enough to prove that every point whose stabilizer is not discrete
is a critical point for V.

First, let us assume that G is a circle. Let F' be a component of its fixed point
set. Since ¥ is constant on F', the restriction of d¥ to the tangent bundle of F'
is zero. Since W is invariant under the circle action, the restriction of dW¥ to the
normal bundle of F' is zero. Indeed, at each p € F' the normal space to F' is a vector
space with a circle action that only fixes the origin. On such a vector space, for
every invariant function, the origin is a critical point.

Hence, every fixed point for the circle action is a critical point for the abstract
moment map.
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Now, let G be a torus of any dimension. We need to show that any point
m € M whose stabilizer has positive dimension is a critical point for ¥. Let H be
a circle subgroup of the stabilizer of m. The previous paragraph, applied to the
action of H, implies that m is a critical point for the H-component of ¥, hence for
v, O

By Lemma 5.4, if « is a regular value of ¥, the reduced space M, is an orbifold.
If ® is proper, M, is compact.

2.2. Orientations on reduced spaces. Let M be a manifold with a proper
action of a torus G and an abstract moment map

U: M —g".

Let o € g* be a regular value for . Recall that if G is not a torus, we assume
for the sake of simplicity that « = 0 or, more generally, that « is G-invariant. As
above, consider the reduced space

M, =27/G , Z=3&Ya).

In this section we show that an orientation on M naturally induces an orientation
on M, and that an equivariant stable complex structure on M naturally induces a
stable complex structure on M.

We have an exact sequence of vector bundles over Z,

(5.2) 0—-TZ—-TM|z —-NZ—0,

which follows immediately from the definition of the normal bundle. By the implicit
function theorem, the normal bundle is trivial:

(5.3) NZ=Zxg"

and an isomorphism T,M/T,Z = g* is given by the map d¥. The tangent spaces
to the G-orbits form a sub-bundle of T'Z which we denote T'O. This bundle is also
trivial:

(5.4) TO =7 xg,

where an isomorphism g = 7,(G - p) is obtained by sending £ to & (p). By the
definition of the reduced space, the sequence

(5.5) 0-TO—-TZ —7"TMy, — 0

is exact. From (5.2)—(5.5), we obtain an isomorphism of G-equivariant vector bun-
dles,

(5.6) TM|z=n"TMs©g®g"

This isomorphism is not canonical: it depends on the choices of splittings of the
exact sequences. However, different choices lead to equivariantly homotopic iso-
morphisms (5.6). Indeed, the difference between two equivariant splittings of (5.2)
is an invariant section of the vector bundle over Z whose fiber over p € Z is formed
by linear maps from NZ, to T,,Z. The space of such sections is contractible. A
similar argument applies to the splittings of (5.5).

The vector space gbg* is naturally oriented: a basis for g together with the dual
basis in g* determine a canonical (i.e., independent of the basis of g) orientation of
g @ g*. Then by (5.6), an orientation on M induces an orientation on M,.
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2.3. Stable complex reduction. In this section we will show that a G-
equivariant stable complex structure J on M induces a stable complex structure
Jo on the reduced space M.

By definition, J is an invariant complex structure on the fibers of a Whitney
sum T M @ R, where R¥ is equipped with the trivial G-action. We use two equiva-
lence relations on such structures. Suppose that Jy and J; are complex structures
on TM @ R and TM @ R¥'. These stable complex structures are bundle equiva-
lent if TM @& RFe and TM @ R* become equivariantly isomorphic complex vector
bundles after adding some trivial complex vector bundles. The structures Jy and
Ji are homotopic if the complex structures on TM @ RF and TM @ R** become
equivariantly homotopic after adding some trivial complex vector bundles. Homo-
topic structures are always bundle equivalent, but not vice versa. We refer the
reader to Section 1 of Appendix D for a detailed discussion of these notions.

From (5.6) we obtain an isomorphism

(5.7) T TMy®g®g* ®RF =T, M @ R

The structure J transports through this isomorphism to a G-invariant complex
structure on the fibers of 7*T M, © g ® g* @ R¥. This complex structure descends
to a complex structure on the fibers of TM, ® g ® g* & R¥. We identify

(5.8) gog* dRF = R®
where s = 2dim G + k, and obtain a complex structure on the fibers of
TM, ®R?,

i.e., a stable complex structure J, on M.

The isomorphism (5.7) is canonical up to homotopy. We insist that the linear
isomorphism (5.8) respect the orientations, hence, it is also determined uniquely up
to homotopy. Consequently, the reduced stable complex structure J, is canonical
up to homotopy.

Homotopic equivariant stable complex structures on M reduce to homotopic
stable complex structures on M., and bundle equivalent equivariant stable complex
structures on M reduce to bundle equivalent stable complex structures on M.

2.4. Relation with symplectic reduction. We recall that an (invariant)
symplectic structure naturally determines an (invariant) almost complex structure,
unique up to homotopy, and hence an (equivariant) stable complex structure, unique
up to homotopy. (See Section 1.3 of Appendix D.) In this case, the two notions
of reductions are consistent with each other. Namely, let (M,w) be a symplectic
manifold and ¥ a genuine moment map for a G-action on M. The reduced space M,
is again a symplectic manifold, with symplectic form w,. Let J be an equivariant
stable complex structure on M that is associated with w, and let Jy be a stable
complex structure on M, that is associated with w,. We claim that .Jy is homotopic
to the stable complex structure J, that is obtained from .J by reduction.

Choose a basis of g and the dual basis in g*. Then the isomorphism (5.6) takes
the form

(5.9) TzM = 7*TM, @ R*4Hm¢,

We choose this isomorphism in such a way that w descends to the form w, @ o,
where ¢ is the standard symplectic form on R24™ &, (The fact that this is possible
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can be seen, e.g., from the proof of the symplectic reduction theorem using local
coordinates. We leave the details to the reader as an exercise.)

Let Jstq be the standard complex structure on R24™ & = C4im& - This structure
is compatible with the standard symplectic form. Let J!, be an almost complex
structure on M, that is compatible with ws. Then 7*J/, & Jsa transports via (5.9)
to an invariant almost complex structure J’ on M that is compatible with w. From
the definition of reduction, (J')o = J.. Because J’ is compatible with w, J’ is
homotopic to J, and hence J!, is homotopic to J,, as required.

In contrast with the symplectic case, in general an almost complex structure on
M need not descend to an almost complex structure on M,. In fact, starting with
an almost complex structure J on M, let us reduce J to a stable complex structure
Jo on M, with respect to a moment map that is unrelated to J. Then J, may
fail to be homotopic, or even bundle equivalent, to an almost complex structure on
M,,. This is the main reason that stable complex structures arise in the context of
this book.

EXAMPLE 5.5. Consider M = C™ with the diagonal action of G = S' and mo-
ment map ¥(z) = Y |z;|?. The reduction at ¥ = 1 is the complex projective space
CP" 1. Let J be the non-standard complex structure on C"* whose complex coor-
dinates are (Z1,... ,Zr, 2p41,-- - , 2n) for 0 <r < n. Note that .J is not compatible
with the standard symplectic structure on C" for which ¥ is a genuine moment
map.

We claim that unless r = 0, or r = n and is odd, the reduced stable complex
structure Jo, is not induced by any almost complex structure on CP"~!. Indeed, an
easy calculation shows that the total Chern class of (T'CP"~1,J,) is (1 —u)"(1 +
u)"~", where u is a suitably chosen generator of H?(CP" 1;Z). The integral of
the top Chern class ¢, over CP" 1 is (=1)""1r + (=1)"(n — 7). Recall that for
any complex vector bundle the top Chern class is equal to the Euler class; see,
e.g., [MiSt]. Therefore, if J, is induced by an almost complex structure, this
Chern number must be equal to the Euler number x(CP"~!) = n. In other words,
we must have

D"+ (=) (n—1) =n,
which can happen only when = 0 or when r = n and is odd.
2.5. Reduction of cohomology. A two-form on M does not naturally de-
scend to M,. However, an equivariant cohomology class does. Here we just outline
the construction of reduction in cohomology; for more details and relevant defini-

tions we refer the reader to Section 2 of Appendix C.
If the G-action on Z is free, the natural pullback map

7" H(Z)G) — H{(Z)
is an isomorphism (for cohomology with real coefficients). The inverse map
H:(Z) — H (Z/@G)

is called the Cartan map. To each equivariant cohomology class ¢ on M we asso-
ciate an ordinary cohomology class ¢, on M, by applying the Cartan map to the
restriction of ¢ to Z:

(5.10) T o = 17c.
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The map
(5.11) ¢ Co

is the famous Kirwan map; it is a ring homomorphism from the equivariant co-
homology of M to the ordinary cohomology of the reduced space M,. Kirwan’s
surjectivity theorem asserts that if U is a moment map for a symplectic form on a
compact manifold, then the map (5.11) is onto.

The reduction of the triple (M, ¥, ¢) is defined to be the pair (M, cq).

3. The Duistermaat—Heckman theorem
Let (M,w, ®) be a Hamiltonian G-space with a proper moment map
d: M — g~

Denote by gy, the subset of g* consisting of the regular values of ®. The set gy,
is open (because ® is proper) and dense (by Sard’s theorem). The theorem of
Duistermaat and Heckman is concerned with the following question:

How does the pair (M, wa) vary as a varies in gr.,”
The answer depends on the topology of the orbifold fibration
w4 — M,

and, in particular, on the curvature class of this fibration. Let us first recall the
definition of this class.

3.1. Variation of the reduced form. From now on, we assume that G is a
torus. Let a be a regular value of ®. Over a neighborhood of «, the moment map
® is a proper submersion. Hence, ® is a fibration (by Fhresmann’s lemma, which
asserts that a proper submersion is locally a projection). This remains true equiv-
ariantly: the G-spaces ® !(a + ¢), for € € g* sufficiently small, are equivariantly
diffeomorphic to each other. Therefore, the reduced forms wq4e can be considered
as all living on M,,. Let [wate] € H?(M,) denote the cohomology class of wae.

THEOREM 5.6 ([DH1]). For e € g* near 0,
[wate] = [wa] = (&, )
where ¢ € H?(M,) ® g is the curvature class of the fibration w: Z — M,
PRrROOF. Let W be a small neighborhood of «, so that we may identify its

preimage as ® (W) = Z x W. Let 7 be a (g-valued) connection one-form on the
principal G-orbi-bundle

(5.12) p: @Y W) — & 1 (W)/G.

The curvature is a g-valued closed two-form F' on (Z/G) x W such that p*F = —dr.
Its restriction, Fyte to (Z/G) x {a + €}, represents the curvature class ¢ of the
fibration Z — Z/G, for each v + € € W. We need to show that the cohomology
class

[wa+€] - <6,C> = [wa+6 - <57 Fa+e>]
on Z/G is independent of e. This would follow from homotopy invariance if we
show that the forms

Wa+e — <€7 Fa+e>
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are the restriction to the fibers of a closed form on (Z/G) x W. Indeed, these forms
are the restrictions to the fibers of the form which pulls back to the closed form

w4+d{(®—a,T)
on Z x W. O

3.2. Volume of reduced spaces. Consider the regular reduced spaces
M, = <I>*1(a)/G, a€e g’rkeg.

The Duistermaat—Heckman function associates to every regular value « the Liou-
ville volume of the corresponding reduced space
d
wa

() = volume(M,) = /M ik

where d = %dimM — dim @ is half the dimension of the reduced space, w, is the
reduced two-form, and we integrate with respect to the reduced orientation. An
important aspect of the Duistermaat—Heckman theorem is the following result:

THEOREM 5.7. The Duistermaat—Heckman function is a polynomial in « of
degree at most d = %dimM —dim G on each connected component of gre,-

PROOF. Fix a regular value v in ®(M) and counsider values of ¢ € g* near
0. By the Duistermaat—Heckman theorem (see Section 3.1), identifying M, with
M+, we have

wd
(5.13) vl = [ Hae = [ - e,

where

1 1
d= §dimMa = EdimM —dim G
and c is the curvature class of the fibration Z — Z/G. This is a polynomial in ¢ of

degree at most d. [l

Recall that the Duistermaat—Heckman measure DH s on g* is the push-forward
via @ of the Liouville measure.

THEOREM 5.8. Assume that the action is effective. Then the Duistermaat—
Heckman measure can be written as
DHys = (2m) ™ “op(x) | da,
where |dx| denotes the Lebesque measure on g* and ¢(z) is the Duistermaat—

Heckman function.

REMARK 5.9. The Lebesgue measure on g* is normalized in such a way that a
fundamental chamber for the lattice Z¢, = Hom(Z¢, 27Z) in g* has total volume 1.

ExXAMPLE 5.10. Let a torus G act on a compact symplectic manifold (M,w)
with a moment map ®: M — g*. Let us assume that

1
(5.14) dim G = B dim M,

and also that the action is effective. Then (M,w, ®) is called a Delzant space.
(See Section 2 of Chapter 2.) By the convexity theorem, the image A = ®(M)
is a convex polytope. The dimension assumption (5.14) implies that the regular
reduced spaces M, are zero-dimensional, and hence finite. Because the reduced
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spaces are connected, they are single points, and their Liouville volumes are all
equal to one. The corresponding Duistermaat-Heckman measure is (27)%™¢|dz|
on A and zero outside A, by Theorem 5.8. In particular,

(5.15) vol(M) = (2m)4™ Gyol(A),

where the volume on the left is the Liouville volume, |, 2y w"/nl, and the volume on
the right is the Euclidean volume of A.

In particular, for the standard S'-action on S2? with moment map the height
function, the Duistermaat—Heckman measure is 27 times the Lebesgue measure on
the interval [—1,1]; cf. Example 2.6.

PrOOF OF THEOREM 5.8. Consider first a neighborhood of a free orbit in M.
On such a neighborhood there exists a coordinate system

917"' aekvxlw" sy Lk Y1y - -+ 5 Y2d,

where k = dim G, 0; € R/27Z, and x; are coordinates on g*, such that the G-action
is generated by the vector fields 3%1, e % and the moment map is (z1,... , k).
The coordinates y; descend to coordinates on each reduced space M,. (The fact
that the components x; of the moment map can be taken as coordinates follows
from the fact that the points of a free orbit are regular points for the moment
map. The existence of the coordinates #; and y; on a level set for the moment map
follows from the slice theorem. These coordinates can be extended to neighboring
level sets; this follows from Ehresmann’s lemma, which guarantees that a proper
submersion is locally a projection.)

Hamilton’s equation,
0
— =dx;,
L ( 3 01) w i,
implies that w must have the form
w = Zd@l A dl‘l + Zeijdxi A de

+ medl‘] A\ dyj + Zgijdy,' N dyj,

where the sums are over the appropriate indices 7, 7, and where the coefficients are
functions of the z;’s and y;’s only. The reduced form on M, = & 1(a)/G is

(5.16)

Wa = gij(a, y)dy: A dyj;.
Taking the top wedge product of (5.16), we see that
Wh/nl = £df; A ... ANdOp Adzy A A dag A (we)?/d).

When we push w”/n! forward, by Fubini’s theorem we can first integrate with
respect to the @;’s. This contributes the factor (27)* to the measure. Then we
integrate the form w?/d!, which leads to the (contribution of the neighborhood to
the) Duistermaat—Heckman function, and then integrate with respect to the x;’s
over g*.

To finish the proof, we argue as follows. Let g; be an invariant partition of
unit, defined on the union of the free orbits in M, such that each g; is supported
in a neighborhood with coordinates as described above. Because the action is free
on an open and dense set, the measure defined by integrating the differential form
Zj ojw™/n! on this union is equal to the Liouville measure on M. For each j,
let f; be the function which associates to every regular value a of ® the integral
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/ M ojwl/dl. Then Y f; is equal to the Duistermaat—Heckman function on regular
values. Finally, a slight modification of the above computation shows that the
push-forward to g* of g;w™/n! is equal to f;|dz| on g*. The theorem follows. O

Theorems 5.8 and 5.7 imply the following theorem of Duistermaat and Heck-
man:

THEOREM 5.11. The Duistermaat—Heckman measure on g* has a piecewise
polynomial density with respect to the Lebesque measure.

The polynomials on g* equal to the density function of the Duistermaat—
Heckman measure on the connected components of g, are called the Duistermaat—
Heckman polynomials. The book [GLS] contains explicit recipes for computing
these polynomials, examples, pictures, and relations with representation theory.

When the manifold is a coadjoint orbit for a compact Lie group with the action
of the maximal torus of the group, the values of the Duistermaat—Heckman poly-
nomials approximate the multiplicities of weights in irreducible representations of
the group. This was, in fact, Heckman’s original motivation for introducing this
push-forward measure; see [He].

4. Kahler reduction

Let (M, w, ®) be a Hamiltonian G-manifold, equipped with an invariant Kdhler
structure. Then every regular reduced space is a Kéhler orbifold. This was shown
by Guillemin and Sternberg in [GS3]. In this section we sketch their argument.

Recall that a Kéhler structure on a symplectic manifold is a compatible complex
structure. A complex structure is given by complex local coordinates such that
transition functions are holomorphic. This induces an almost complex structure on
M, i.e., a fiberwise complex structure, given by a bundle map

J:TM —TM
such that J2 = —identity. Most almost complex structures are not integrable, i.e.,
do not come from genuine complex structures. The compatibility condition is that
(5.17) () =w(-, J)

is a (positive definite) Riemannian metric on M.

Suppose that the group G is compact. Let G¢ be its complexification. For
example, if G is a subgroup of (S!)", then its Lie algebra g is contained in iR",
and the complexification of G is the subgroup G¢ = G - exp(ig) of (C*)".

Suppose also that the moment map ® is proper. The G-action naturally extends
to a holomorphic G¢ action, with the additional generating vector fields J(ys, ¢ € g.

The definitions of the moment map and the metric (5.17) imply that d®¢(-) =
(-, —J€n), that is, the action of the “non-compact part” of G¢ is generated by the
gradient vector fields of ®¢, for ¢ € g.

This, in turn, implies that for any regular level set Z = ® !(a) the map
g X Z — M given by (C, z) — exp(iC) - z is open. Therefore,

W=Gc-Z

is an open subset of M. This is the “stable” subset of M with respect to the G-
action and the level & € g*, in the sense of Geometric Invariant Theory (G.I.T.).
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The group G¢ = g x G acts properly and locally freely on W = g x Z, hence, the
G.LI.T. quotient

(5.18) MJ/G == W/G¢

is a complex orbifold. (See Corollary (B.32).) For every p € Z, the stabilizer group
of p in G is finite and contained in G. Moreover, every Gc-orbit in W intersects
Z transversely, in a unique G-orbit. Hence, the natural inclusion map Z C W
descends to a diffeomorphism

Z/G — W/Ge.
In this way, the reduced space Z/G becomes a complex orbifold.

REMARK 5.12. The complex structure on the reduced space is compatible with
the reduced symplectic structure (see Section 2.4), i.e., the entire Kéhler structure
descends to the reduced space. However, note that the Riemann metric associated
with the Kahler structure on the reduced space is not “induced” from the Rie-
mannian metric on Z. For example, the metric on C" is flat, and the metric on the
reduced space CP* ! is not flat.

We refer the reader to [Kir] for a broader discussion of the G.I.T. in algebraic
geometry and its relation with the symplectic quotient.

REMARK 5.13. Kéhler reduction is consistent with stable complex reduction.
Namely, if J is the stable complex structure associated to the complex manifold
M, and J, is its reduction (as described in Section 2.3), then J, is (homotopic to)
the stable complex structure associated to the complex orbifold Z/G.

5. The complex Delzant construction

5.1. Symplectic reduction of C9. Let a compact abelian Lie group G act

effectively on C? with weights —ay, ..., —ay € g* and moment map
1
(5.19) D(z) = 3 Z EAReE

i=1
Assume that the weights are polarized, so that the moment map is proper. (See
Proposition 4.15.) Let o € g* be a regular value for ®. Consider the level set

Z =3 o)
and the reduced space
M, =7/G.
We also consider the action of T¢ = (S)¢ on C? with moment map
1
(520) J(Z) = 5 (|Zl|2,"' a|Zd|2) ;

so that G acts as a subgroup of T¢. Because the action of T% commutes with the
action of G, there is a residual Hamiltonian action of T¢ on M. This action is not
effective: the subgroup G acts trivially on M,. However, the quotient group

K=T¢/G
acts faithfully on M,,.
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Since the T4-moment map (5.20) is G-invariant, it descends to a map J: M, —
R<, This map is a moment map for the (non-effective) action of T¢ on M,: Hamil-
ton’s equation for J follows immediately from Hamilton’s equation for J. The
image of this map is the polytope

(5.21) Ay ={s €R?|s; >0 for all j, and Zsjaj = a},
which is the intersection of the orthant
Ri:{sERdezOforj:l,... ,d}
and the affine space
Ale) = {z € R*| Y zj0; = a}.
By applying an appropriate translation, we can ensure that the moment map J

takes values in the target space £*. Since K is a quotient group of T¢, the target
space £* is a subspace of (Rd)* = R, In fact, this subspace is just

(5.22) A0) = {:c eRY | wja; = 0} :

To identify the polytope (5.21) with a polytope that actually lies in the space (5.22),
one has to specify the value of the K-moment map at some point, p € M,, and
subtract from it the value of the T%moment map at p. Let this difference be v.
Then, as a subset of £, i.e., of the space (5.22), the image of the K-moment map
is
A=A, .

Let us describe this image as a polytope in R”. The quotient K = T¢ /G is
a compact connected abelian Lie group. Hence it is isomorphic to T" for n =
d —dimG. Let us fix an isomorphism between K and T". Then we have an exact
sequence

1—G-5T1d Lo 1,

where p: G — T? is the inclusion map and 7: T¢ — Td/K = T" is the quotient
map. On the infinitesimal level, this becomes

where —a; are the weights for the G-action on C?, and, dually,
0— R I RE g 0,
where
L(Il, . ,Id) = ZQ?ZOQ

Let us translate the moment polytope A, C R‘i into R™, as described above: pick
any value v € A,; then the moment polytope in R™ is

A={yeR"|7r*(@y) +veR%},
which is equal to
{y e R" | {es,m*(y) +v) >0foralli=1,...,d},

where e; are the standard basis elements. Finally, this polytope is equal to the
intersection of half-planes:

d
(5.23) A= [y €R" | (ui,y) + X >0},

=1
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where \; = {e;, ) and
U; = Ty (ei).

5.2. The symplectic Delzant construction. Every convex polytope A in
R™ can be written in the form (5.23), where u; are the normal vectors to the
facets. Hence, every convex polytope can be expressed as an “affine slice of Ri”,
by reversing the above construction.

Moreover, if the polytope is integral, that is, if the u; can be chosen in Z", the
polytope actually arises as the moment polytope for a reduction of C¢. Namely,
define G to be the kernel of the projection map

7: T —» T
whose linearization

me: RE — R”
sends the basis element e; to the vector u;. Let

®: C?— g

be the corresponding moment map. Let o € g* be the image of A € R? under the
natural projection L: R? — g* that is dual to the inclusion map G < T?. Then the
quotient T?/G = T™ acts on the reduced space M, = ® 1(a)/G with a moment
image Ay = Ay .

We will now describe the conditions on the polytope A which guarantee that
the reduced space M, is actually a manifold or an orbifold.

Denote by Fa the collection of subsets I of {1,...,d} which correspond to
faces of A. In other words, I € Fa if and only if there exists y € A such that
(uiyy)y + i = 0 exactly if ¢ € I.

The polytope (5.23) is called simple if for every I € Fa, the normal vectors
u;, for ¢ € I, are linearly independent. If, in addition, these normal vectors can
be extended to a Z-basis of the lattice Z™, the polytope (5.23) is called a regular
polytope, or, equivalently, a Delzant polytope.

REMARK 5.14. To check whether or not a polytope is simple, or is Delzant, it
is enough to check the above condition for I’s which correspond to vertices of A.

PROPOSITION 5.15. If the integral polytope A is simple, the corresponding re-
duced space M, is an orbifold. If the polytope is Delzant, the reduced space is a
manifold.

PRrROOF. In the construction described above, the polytope A = A, y is trans-
lated by the map
y—= 7 (y) + A

to

Ay ={seR? | Zsjaj = a}.
For y € R™, we have (u;,y) + \; = 0 if and only if 7*(y) + X lies on the coordinate
hyperplane {s; = 0} in Ri. The moment map pre-image of such a point y consists of
elements (21, ..., 24) of @ 1(a) such that z; = 0 exactly if i € I. The T%-stabilizer
of such an element is

T!={\eT? | N =1VigI}.
Hence, the T%-stabilizers of points z € ®~!(«) are exactly the subtori T for I € Fa.
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The G-stabilizers which occur in the level set ®~!(a) are the intersections
GNT! for I € Fa. The intersection G N T! is the kernel of the map T! — T"
whose linearization sends e; to u; for all ¢ € I. If u;, for ¢ € I, are linearly
independent, then G N T7 is finite. Therefore, if the polytope is simple, G acts on
®~!(a) with finite stabilizers, and the quotient ®!(a)/G is an orbifold. If the
vectors wu;, for i € I, extend to a Z-basis of Z", then G NT! is trivial. Therefore, if
the polytope is Delzant, G acts on ® () freely, and the quotient ® !(a)/G is a
manifold. |

We have shown that the reduction M, of C? by a closed subgroup of T¢ at a
regular value « is a Hamiltonian K-orbifold for K = T¢/G = T". We have

1
dimT =d —dim G = EdimMa,

that is, M, is a Delzant space. (See Section 2 of Chapter 2.) Suppose that G
acts freely on the level set ®!(a), so that M, is a manifold, not an orbifold.
Then we have shown that the moment map image of M, is a Delzant polytope.
Moreover, starting from any Delzant polytope A in R™, we showed how to produce,
by reduction of C?, a Delzant manifold whose moment polytope is A.

By Delzant’s classification theorem, a Delzant manifold is determined by its
moment map image, which is always a Delzant polytope. This implies that, up to
isomorphism, every Delzant manifold can be obtained by the procedure that we
described above.

REMARK 5.16. The Delzant classification theorem has been generalized to orb-
ifolds by Lerman and Tolman. (See Section 2 of Chapter 2.) It follows that every
Delzant orbifold can also be obtained from C? by reduction.

5.3. The complex Delzant construction. In this section we describe the
complex Delzant construction, i.e., the construction of a complex toric variety start-
ing from a Delzant polytope A; see [Au, Cox1l, Cox2] for further details and
applications.

Given A, one may construct a subgroup G of T¢ as described above, and take
the reduced space M, = Z/G with Z = ®~!(a) where ®: C* — g* is the G-
moment map. Let G¢ = G - exp(ig) be the complexification of G. Recall from
Section 4 that the “semi-stable” set

W=G¢c-Z
is an open subset of C%, and that we have a natural diffeomorphism
(5.24) M, = Z/G = W/G¢

which shows that M, as a complex orbifold. The resulting complex toric variety is
the quotient W/Gc. We will now give an explicit description of the open set W of
C? in terms of the combinatorics of the polytope A.

First, let us record which sets of coordinates may vanish simultaneously at the
points of Z:

(5.25) Fo={I2)|2€ Z=3""(a)}, where I(z) = {i | z; = 0}.
We note that this collection is the same as the set of faces of the moment polytope
(5.21):

Fo = Fa.
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Recall that an alcove is a connected component of the set of regular values of
® contained in the image ®(CY).

LEMMA 5.17. The collection F, is independent of o in an alcove.

PROOF. Over an alcove, the moment map ® is an (S 1)d—inva,riemt proper sub-
mersion, and hence an (S')%invariant fibration. In particular, the (S*)¢ orbit types
that occur in ® () are the same for all « in the alcove. The (S1)? orbit type of
z is determined by the set {i | z; = 0}. O

The complex torus (C*)¢ acts on C? by coordinate-wise multiplication. The
orbits for this action are the sets

Or={2€C?| z =0ifand only if i € I} = {0}' x (C*)"!
for all subsets I of {1,...,d}. We also consider the open sets
W = (CI % (CX)d\I,

where C* = C~{0}.
The following characterization of the set W = G¢ - Z is crucial:

THEOREM 5.18.

(5.26) w=|Jw =] o

I€F, I€F,

Here will reproduce the proof from [Guill, Appendix 1].

PROOF OF THE EASY PART OF THEOREM 5.18. By definition,

9 z=J orn
IeFo

Because G¢ C (C*)9, this implies that

wc | o
IeF,

Also, since Oy C W7y for each I, we have

U orc Y wi

I€F, I€F,

The remaining inclusions W; C W will be proved in Section 5.6. O

The above characterization of the set W of semi-stable points completes the
complex Delzant construction. Namely, given a polytope A in R™ with d facets,
the combinatorics of its facets determines an open subset W of C¢ by (5.26), the
slopes of its facets determine the subgroup G of T? as described above, and the
corresponding toric variety is the quotient W/Gc.
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5.4. Orbicharts on a toric variety. An important consequence of Theorem
5.18 is that it provides an explicit open covering of the toric variety W/G¢ which
is convenient to work with. Namely, M, is the union of the open sets Wr/Gc, for
I € F,. Moreover, it is enough to consider only W;/G¢ such that |I| = n.

We already know that M, is an orbifold. We will now exhibit each element of
the above covering as an orbichart on M,, that is, the quotient of C™ by a finite
group. Moreover, the intersections of these sets will be finite quotients of products
of copies of C and C*. We will deduce, in Chapter 8, that this is a “good covering”
for the purpose of computing the Dolbeault cohomology of a toric variety.

Suppose that I € F, and |I| = n. Consider the map

: €T — Wi /G,
obtained as the composition
cl - ((CI X {1}d\1) — Wr — W;/Ge.
This map descends to a smooth one-to-one immersion
(5.27) C'/Tr — W1/Gc,

where
I';={9g€Gc|gi=1foralliecdI}.

We argue that this group is finite. Indeed, because I € F, and by the definition of
Fu, there exists z € Z = ®~!(a) such that z; = 0 exactly if i € I. The stabilizer of
z in G is precisely I';. Since « is regular, this stabilizer is finite.

Next, consider the group homomorphism

(5.28) Ge — (€)1

obtained as the composition of the inclusion G¢ < (C*)? with the projection
(C*)4 — (C*)I>I, Tts kernel is precisely I'y, and, hence, is finite. By dimension
count, the homomorphism (5.28) is also onto. This implies that the map (5.27) is
onto. Consequently, this map is a diffeomorphism, and hence an orbichart on M,
as claimed.

For |J| < n, there exists I € F, such that [I| = n and J C I. This follows, e.g.,
from the fact that the polytope A, is simple. The diffeomorphism (5.27) identifies
the set W, /G¢ with the subset (C7 x (C*)>7) /T'; of CT/T.

5.5. Regular moment values. Let us digress to examine the moment map
(5.19) more closely. Recall that a point z is regular for ® exactly if its stabilizer is
discrete. When checking this condition we may restrict our attention to the identity
component of G. The action of an element exp ¢ of G, for £ € g, is given by

(exp&): (21,... ,24) — (eiio‘l(g)zl, ... 764%(5)%) )
The stabilizer of z is
(5.29) {exp¢ | €®) =1 whenever zj # 0}.

Let I be the subset of {1, ... ,d} such that z; = 0 if and only if j € I. The stabilizer
(5.29) is discrete if and only if the weights «;, for j € I, span g*. This implies the
following characterization of the set of regular values of ®. Set s; = |z;|?.
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LEMMA 5.19. An element o € g* is a reqular value of ® if and only if for every
subset J of {1,...,d}, if the equation

(5.30) a= Zsjaj, 5;>0
jeJ

has a solution, then the weights o, j € J, span g*.

Recall that « is regular if and only if G acts locally freely on the level set
Z = & 1(a), and that, in this case, the reduced space M, = Z/G is an orbifold.
One is sometimes interested in the “super-regular” values of @, defined as the values
a such that G acts freely on Z = ®~1(a), so that M, = Z/G is a manifold. A
similar argument gives the following characterization of super-regular values, when
G is a torus:

LEMMA 5.20. An element a € g* is a super-reqular element of ® if and only
if for every subset J of {1,...,d}, if the equation (5.30) has a solution, then the
weights o, j € J, generate the weight lattice Z,.

We warn the reader that, whereas the set of regular values is open and dense
in g* (by Sard’s theorem combined with the properness of @), this is not true for
the set of super-regular values. This set is open, but it might even be empty. In
fact, the mere existence of a super-regular value imposes rather severe restrictions
on the weights aq,... , aq.

5.6. The semi-stable points in C9. In this section we complete the proof
of Theorem 5.18. We first show the second equality of (5.26):

LEMMA 5.21.
U wi=J on
I€F, I€F,
PROOF. Because
WI = U OJ)
JCI

it suffices to prove that if I € F, and J C I, then also J € F,. Indeed, suppose
I € F,. Let z € ® 1(a) be such that z; = 0 exactly if i € I. By Lemma 5.17
and because the alcove is open, there exists a neighborhood U of z such that for all
o' € ®(U) we have For = Fo. By perturbing the ith coordinates of z for i € I\J,
we obtain an element 2’ in U such that z] = 0 exactly if ¢ € J. Then for o/ = ®(2')
we have J € F = Fa. O

The rest of this section is devoted to completing the proof of Theorem 5.18.

PROOF OF THEOREM 5.18. It remains to prove that W; C W for all I € F,.
By Lemma 5.21, it is enough to prove that Oy C W for all I € F,. The argument
below follows closely [Guill, Appendix 1].

Pick any I € F, and any z € Or, so that z; = 0 exactly if j € I. Because
W = Gc-® (a), we need to show that there exists a € G¢ such that ®(a-2) = a.
The action of the element exp(in) of Gg, for n € g, is given by

(exp(in) . Z)j — e*i(aj,iﬂ)zj — ologm) 2
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Writing a = bexp(in) with b € G and 7 € g, we get
(5.31)

d
1 1 , (@
)= 5D M2y = 5 3 lespin) - =)y = 5 3 s

j=1 j=1 ]eJ

where s; = 1]z;|? > 0 for each j € J := {1,... ,d}~I. By the definition of F,,
there exists 2’ € Z such that 2} = 0 exactly if j € I. Hence,

(5.32) o= 2Z\zj|2a] Z‘SJO‘J’

jeJ

where s, = 5 \z |2 > 0 for each j € J. Thus, « is in the open polyhedral cone

(5.33) {Zs;aj|s; >0, jeJ}.
Hence, it is enough to show that the image of the map
(5.34) Q) = Z 29,0,
jedJ
contains the cone (5.33). (The image of (5.34) is clearly contained in the cone

(5.33); we need the opposite inclusion.)
Our first observation is that f({) is the Legendre transformation of the function

F:g—R, F(C):Ze<a1’0sj
jeJ
In other words,

(5.35) f(Q) =dF]c,
when we identify g* = 17g.
Next, we note that the function F is strictly convex, i.e., that the Hessian d?>F
is positive definite everywhere. Indeed,
(5.36) P|cF =Y e 550, ® a;.
jeJ
Because the coefficients ¢{%+¢)s; are positive, to show that the bilinear form (5.36)

is positive definite, it suffices to show that the weights «;, j € J, generate g. This
follows immediately from Lemma 5.19.

LEMMA 5.22. Suppose that F is strictly convex. Then F has a critical point if
and only if F(C) C—> 0.
—00

PROOF. See [Guill, Appendix 1, Theorem 3.2]. O

The value « is in the image of (5.34) if and only if there exists ¢ such that
dF|¢ = a, by equation (5.35). Set Fo(¢) = F({) — a(¢). Then
dFy =dF —a and d*F, = d°F.
From the first equality we see that « is in the image of (5.34) if and only if Fi, has

a critical point. From the second equality we conclude that Fi, is strictly convex,
because F' is. By (5.22), F, has a critical point if and only if

(5.37) Fa(Q) 2 oo
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Substituting (5.32) into the expression for F,, we have

Fa(C) = Z€<aj’c>aj — bjaj(C).
JEI
The jth summand approaches oo as ¢ escapes ker o, by the following fact.
The function
g: R—R, g(x) = ae” — bx

satisfies g(z) s if @ and b are positive numbers.
r— o0

Because Nje s ker aj = {0} (by Lemma 5.19), the desired asymptotic behavior (5.37)
holds. g

6. Cobordism of reduced spaces

As we have already pointed out, the fact that “cobordism commutes with re-
duction” can be used to establish a number of results on the global geometry of
Hamiltonian torus actions on symplectic manifolds (cf. [GGK1]). A similar fact
holds for abstract moment maps:

THEOREM 5.23. Let (M, V) and (M',¥') be cobordant manifolds with G-
actions and proper abstract moment maps. Let o € g* be a value that is reqular
for both U and U'. Then the corresponding reductions, My, and MY, are cobordant
(through orbifolds).

PROOF. Let (W, ¥) be a cobording manifold with proper moment map.

If o is also a regular value for ¥, the quotient ¥~'(c)/G gives a cobordism
between M, and M.

If « is not a regular value, we choose a 8 which is a regular value for U and
which is close enough to « so that the entire interval [, 3] consists of values that
are regular for both ¥ and ¥’. This is possible because the set of regular values of
U is dense (by Sard’s theorem) and the sets of regular values of ¥ and ¥’ are open
(because these maps are proper).

Since 3 is regular for U, the orbifold \i"l(ﬁ) /G is a cobordism between Mg
and M.

Because the interval [, 3] consists of regular values, the level sets ¥ () and
U—1(3) are equivariantly diffeomorphic. This follows from Ehresmann’s lemma
(that a proper submersion is a fibration), which remains valid in the presence of a
group action. Dividing by the G-action, we see that the reduced spaces M, and
Mg are diffeomorphic. Similarly, M/, and Mj are diffeomorphic.

As a consequence,

M, = Mg~ Mj = M,
Because diffeomorphic spaces are cobordant, and because the cobordism relation is
transitive, the reduced spaces M,, and M/, are cobordant. O

Theorem 5.23 continues to hold in the presence of additional structures. More
specifically, we may consider one or more or the following additional structures on
(M, 0):

(1) An orientation;

(2) An equivariant stable complex structures, J;

(3) A closed two-form, w, for which ¥ is a genuine moment map;
(4) An equivariant cohomology class, ¢;
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(5) An equivariant complex line bundle, L.

Each of these structures gives rise to a structure of the same type on the reduced
space M., as follows:

(1) The reduced orientation (see Section 2.2);

(2) The reduced stable complex structure, J,, (see Section 2.3);

(3) The reduced two-form w, (see Section 1);

(4) The reduced cohomology class c, (see Section 2);

(5) The reduced line bundle (IL|z)/G, or, more generally, the reduced line bundle
L, = (L|z ® C_,) /G where v € Z¢, is any integral weight.

Suppose that M’ carries a structure of the same type. Moreover, suppose
that the cobordism between M and M’ also carries a structure of the same type,
extending the given structures on M and M’. Then the cobordism of Theorem 5.23,
between M, and M/, will carry the same type of a structure, giving a cobordism
between the structures on M, and M. This is seen by easy adaptations of the
proof of Theorem 5.23. (In the case (3) of a two-form, one should also apply the
Duistermaat Heckman theorem (Theorem 5.6) to express [wa] through [ws] and
use the fact that the cobordism class of w, only depends on its cohomology class.)

COROLLARY 5.24. Consider triples (M, ¥, ¢), where M is a manifold with a G-
action, U: M — g* a proper abstract moment map, and ¢ € H5 (M) an equivariant
cohomology class. Let ¢, € H*(M,) be the reduced cohomology class for a regular
value a € g*. Then the integral

foc
Mo

is an invariant of cobordism of the triple (M, ¥, c).

PROOF. This follows from Stokes’ theorem applied to the orbifold that gives a
cobordism of the reduced spaces. [l

Corollary 5.24, applied to the equivariant cohomology classes of (w—® — a)d /d!
on M, implies that the Duistermaat—Heckman function is an invariant of cobor-
dism. Alternatively, this fact follows from Theorems 2.24 and 5.8.

7. Jeffrey—Kirwan localization

Let ®: M — g* be a moment map for a G-action on a compact symplectic
manifold. Suppose that Myeq = ®1(0)/G is a regular reduced space. An equi-
variant cohomology class [¢] € HE (M) descends to an ordinary cohomology class
[Cred] € H*(Mieq); see Section 2. An important property of the Kirwan map

ki Ho(M) — H* (Mrea), [ = [cred]
is that it is onto. Therefore,
H*(Myed) = ME(M)/ ker k.

Often, we want to compute the cohomology ring of a space which arises by symplec-
tic reduction, M, q, in terms of the cohomology of M which is often more tractable.
For instance, the moduli space of flat connections of a principal bundle arises in
this way (cf., for instance, [Jef, Hue].) In fact, the study of this moduli space
has been one of the motivations for the investigation of cohomological properties
of Hamiltonian group actions. Here we concentrate on situations where M,qq is
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a manifold, or, at worse, an orbifold. By the Poincaré duality, the kernel of the
Kirwan map is determined by the linear functional

(5.38) I fd /M [ered].

Indeed, [c] is in the kernel if and only if I([c] U [¢/]) = O for every [¢/]. With this
motivation, one would like to obtain a formula for the Kirwan numbers

(5.39) /M [cred] . [c] € HG(M).

Jeffrey and Kirwan [JK1] derived such a formula explicitly. They worked with
Hamiltonian actions of compact non-abelian groups on compact symplectic man-
ifolds, and expressed the integral (5.39) by an explicit formula that only involves
the data at the set of points that are fixed under the action of a maximal torus.

Then Guillemin gave a topological interpretation of the Jeffrey-Kirwan formula
in the case that G is a torus. Shaun Martin showed, by topological means, that the
Jeffrey—Kirwan localization formula for non-abelian groups would follow from such
a formula for abelian groups. See [Mart2]. We will now present an approach to
the Jeffrey—Kirwan localization based on our cobordism techniques; cf. [GGK1].

Suppose that M is compact, or, more generally, that the moment map & is
n-polarized for some n € g, i.e., (®,n) is proper and bounded from below. By the
Linearization Theorem (Theorem 4.11),

(M,w,®,[c) ~ || (NFwf, oF, [cr)).
FGTK'o(Mn)

The Kirwan number (5.39) is an invariant of cobordism (Corollary 5.24). This
follows from the “cobordism commutes with reduction” theorem (Lemma 5.23)
combined with Stokes’ theorem. Hence,

Cred = / (CF)red-
/]\Jred Z n) (NF)red

Femng(M

Notice that the F-summand is nonzero only if (®(F),n) < (a,n).

For this formula to be useful, we need to be able to compute the integrals on
the right-hand side. The simplest case is when the torus G acts with isolated fixed
points p, so that NF' = T, M is a vector space. If the polarizing vector 7 is chosen

generic, we have
/ Cred = § / (cp)red-
M. (Tpﬂl)red

red pc MG

The space (1M )red, being the reduction of a linear space under a linear torus ac-
tion, is a toric variety, corresponding to the polytope A,. (See Section 5). One can
explicitly express the Kirwan numbers (5.39) in terms of the polytopes Ap,. This
method was used in [Guil2] to compute the Riemann-Roch number of M;eq. Met-
zler applied this method in [Met1, Met2] to give explicit formulas for topological
invariants of M,eq such as the signature, the Poincaré polynomial, and the Euler
characteristic.

In fact, the cobordism method we just outlined applies under more general
assumptions. Namely, let W: M — g* be an abstract moment map, associated
with an action of a torus G and let @ € g* be a regular value for ¥. Consider
the reduced space Myeq = ¥~ '(«)/G. The Kirwan map H} (M) — H*(Myeq) is
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no longer onto, however, it is well defined, as are the Kirwan numbers (5.39). The
above arguments still allow one to compute these numbers. (Note that in this case
one should invoke the Linearization theorem 4.12 for abstract moment maps rather
than the Hamiltonian Linearization theorem.)

8. Cutting

Lerman’s symplectic cutting [Ler1] is a simple and versatile operation on Hamil-
tonian G-manifolds. Given a Hamiltonian S'-manifold and moment map ®: M —
R with regular value «, the Lerman construction “cuts” M into two Hamiltonian
Sl-manifolds, M, and M_. Topologically, M, (resp., M_) is obtained from the
pre-image ® !(«, c0) (resp., ® !(—o00,a)) by collapsing its boundary, which is the
level set

Z =0 Ya),
along the S'-orbits. As a result, we have decompositions
(5.40) My =& '(a,00)UM, and M_ =& '(—oco,a)U M,,

where M, = Z/S* is the reduced space. In fact, in each of the decompositions
(5.40), the pieces on the right-hand side fit together smoothly, i.e., M, and M_
are smooth orbifolds. Moreover, M and M_ inherit the structure of Hamiltonian
S'-manifolds, and, in the presence of a G-action on M that commutes with the
Sl-action, the G-action descends to M, and M _.

The most common variety of symplectic cutting is that for a Hamiltonian G-
manifold M, where G a torus and @ is the moment map for a sub-circle S* C G.
We may then repeat the construction using other sub-circles and end up with an
orbifold which coincides with M on the preimage of a polyhedral region A in g*
over the interior of A and with appropriate “collapsing” of M over the boundary
of A.

In most applications, one starts with a compact polytope A C g*. Then taking
larger and larger A’s, one obtains successive “compact approximations” of M. Our
original version of the linearization theorem, given in [GGK1], was stated in terms
of such compact approximations; this was before non-compact cobordisms were
introduced.

If A is a proper convex polyhedral cone, then there exists a linear projection
A — R, given by 8 — (3,n) for some n € g, which is proper and bounded from
below. The resulting cut manifold is then 7-polarized. By appropriately dividing
¢* into a finite number of proper convex polyhedral cones, we can cut any manifold
M with proper moment map into finitely many pieces, each of which is n-polarized
for some 7. (This fact was used in Remark 4.1.)

Let us assume, for simplicity, that the regular value at which we cut is a = 0.

To define the symplectic forms on M, and M_ one can invoke symplectic
reduction. For instance, M is constructed as the reduction of M x C with respect
to the diagonal S'-action

My ={(m,z) € M xC|®(m)—|z|* =0} /S".

The inclusion maps of ®~1(0,00) and Mg into M are given by m (m, @(m))

and [m] — [m,0].
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Cutting can also be performed with an abstract moment maps and with various
kinds of additional structures: an orientation, a stable complex structure, a com-
patible two-form, an equivariant cohomology class, or a line bundle. Recall that in
the previous sections we showed that the reduction procedure applies to each of the
these structures. Furthermore, each of these structures on M naturally extends to
M x C, and, hence, induces a similar kind of a structure on the cut-spaces M, and
M_.

REMARK 5.25. Reduction and cutting can also be defined for Spin® structures.
The reduction of a Spin® structure is rather straight-forward once we have the “de-
stabilization” procedure of Proposition D.55. Cutting of a Spin® structure is more
involved and gives a slightly different result than might be expected: let I and L
be the determinant line bundles for the Spin® structures on M and on M. Their
restrictions to the open set ® (0, 00) coincide. However, the restriction of L to
My is not equal to Lyeq := L|z/S!, but, rather, to Lyeq ® N, where N := Z x g1 C.
See [CK'T, Section 6].

In the context of this book, it is important to note that we have a cobordism
(5.41) M~ MU M_.

To see this, we first focus on one orbit in Z. Assume, for simplicity, that this is a
free orbit. Its neighborhood in M can be identified with U x S* x R, where U is a
neighborhood in Z/S! = My, where S* acts on the second factor only, and where R
is the coordinate in the normal direction to Z. The orbit in Z gives a point in Mj.
Its neighborhood in M, (resp., M_) is U x C (resp., U x C). On a neighborhood
of a free orbit in Z, the cobordism (5.41) takes the form

UxC~(UxC)u(U x C),
where C' = S x R. In Example 3.35 of Chapter 3 we showed that
(5.42) C~Cuc.

The cobordism (5.41) is obtained by performing the cobordism (5.42) fiberwise over
M.
We now give an explicit construction for the cutting cobordism (5.41). Let

(5.43) W = {(hym,2) ERx M x C|-1<h*>—|z[*><1and ®(m) =p(h)},

where p(h) is a pre-chosen even function such that p(h) = 0 for —1 < h < 1 and
p'(h) > 0 for all h > 1. It is not hard to check that (1,0) and (—1,0) are regular
values of the functions h? — |z|2 and ®(m) — p(h). Hence, W is an orbifold with
boundary

oW = {h= VEPF1} | {h = ~VEPFT} {1l = vIZ+ ).

Let S! act on W diagonally, on the M and C factors. It is not hard to check that
this action is locally free. On the quotient orbifold
W =w/s!

we take the S'-action induced by the S!-action on the M-factor of (5.43) and the
abstract moment map [h, m,z] — ®(m). It is not hard to see that the boundary
components of W are isomorphic to M, M_, and M, respectively.
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Finally, we warn the reader that the cutting cobordism does not carry an
equivariant cohomology class or a stable complex or Spin®-structure. In the presence
of such structures on M, one has

M~M,UM UB

where B is an S2-bundle over the reduced space My, equipped with a constant
abstract moment map.



