CHAPTER 7

The quantum version of the linearization theorem

The main goal of this chapter is to present a quantized version of the lin-
earization theorem. The linearization theorem “decomposes” a symplectic mani-
fold, equipped with a Hamiltonian action with isolated fixed points, into a disjoint
union of vector spaces:

(7.1) M~ || 1M
pEMG

Quantization of M produces a (virtual) representation Q(M) of the group G. The
Atiyah—Bott formula expresses this representation in terms of the fixed point data
in M. We will show that the right-hand side of this formula can be interpreted as
the quantization of the spaces T, M which occur in (7.1). We deduce a quantum
version of the linearization theorem:

(72) o) = 37 oM.

pEMEC

REMARK 7.1. This “quantum linearization theorem” can also be obtained di-
rectly from the linearization cobordism (7.1). For this, one must utilize an appro-
priate notion of equivariant index which is defined for non-compact manifolds and
which is invariant under proper cobordism. See [Brav4].

1. The quantization of C9
Let M be the linear space C? and let w be the symplectic form

d
(73) Wy = ’\/7lz€jd2‘j/\dfj
Jj=1

with
€e1=...=¢€=—1 and €41 =...=¢=+1.

(That is, w = 2 €;dx; A dyj;, the factor 2 being a mere convenience.)

Since w, is exact and C¢ is simply-connected, the pre-quantization of C? poses
no problems. By Corollary 6.6, there exists a unique (up to isomorphism) pre-
quantization triple (I, {, ), V), the line bundle L is trivial, and the trivializing sec-
tion s satisfies Vs = v/—10s, where w = —dg.

Let us now describe the quantization of C? with the symplectic form w, and
the polarization given by the standard complex structure. The quantization line
bundle L. = L, then becomes a holomorphic line bundle over C?, and the above
trivialization is holomorphic if the primitive g is of type (1,0). Furthermore, the
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120 7. THE QUANTUM LINEARIZATION THEOREM

holomorphic structure on L, is independent of the choice of such a form 8. We
choose to work with the one-form

(7.4) 8= \/—_12 €;Zjdz;.
As in the previous section, consider the £2 Dolbeault cohomology spaces
HYF(CH L),
defined with respect to the standard Hermitian metric on C? and the standard
Lebesgue measure (v/—1)%dzdz. (Note that, up to scalar factors, the Lebesgue

measure is equal to both the Liouville measure on ((Cd,w,«) and to the measure
induced by the Hermitian metric on C%.)

REMARK 7.2. The metric on C is not part of the quantization data. However,
any Hermitian positive-definite inner product on the linear space C% would result
in essentially the same £2-quantization. Hence, the structure of a linear space on
C9, the complex linear structure on C%, and the quantization data (in fact, just w;)
determine the spaces H %' (C% L,.).

The Bargmann space L£}.(C% 1) is the space of entire holomorphic functions

on C?% which are £? integrable with respect to the Gaussian measure
W= (\/fl)def‘zlrzdzdi.

This space is a Hilbert space, in which the monomials 2" - - - 2}'?, for non-negative
integers m; € Z,, form an orthogonal basis. This space is sometimes referred to
as the Fock space; see, for instance, [Man2] or [Wd]. Similarly, the “Bargmann
space” Eﬁol (@T x C4="; 1) is the space of functions on C¢ which are anti-holomorphic
with respect to the first r» coordinates and holomorphic with respect to the last
(d— ) coordinates and which are £2 integrable with respect to . The monomials
Zyt e ZT z:nfl“ -+ zy" form an orthogonal basis for this space.

THEOREM 7.3. The space Hg’f(Cd;Lr) is zero if k # r. For k = r, this space

is the tensor product of the polarized Bargmann space Eﬁol(@r x CI="; 1) with the
one-dimensional Hilbert space spanned by

(7.5) s®dzi N...Ndz,,
where s is the trivializing section of L, described above.

EXAMPLE 7.4. When r = 0, we have the standard Kahler symplectic form wg =
v—1 Z?Zl dz; A\ dz;. The spaces Hg’zk((cd;]Lo) vanish for & > 0, and Hg’zo((Cd;]Lg)
is the Bargmann space £2_,(C% ) of £2 integrable entire functions.

REMARK 7.5. Note that the line bundles L, are all equivalent to each other
(and are all trivial) for various values of r as holomorphic line bundles and as
Hermitian line bundles, but not as holomorphic Hermitian line bundles (nor as
line bundles with connections). We have already proved the holomorphic triviality.
The Hermitian triviality follows immediately from the fact that C? is contractible.
The Hermitian holomorphic non-equivalence is a consequence of the fact that for
different values of r the pairs (w;,J) give rise to indefinite metrics of different
signatures. Also, arguing as in the proof of Theorem 7.3 below, one can show
that a trivializing section s of L, cannot simultaneously be holomorphic and have
constant norm.
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REMARK 7.6. The spaces Hg’zk((Cd;]Lr) and their kin have been extensively

studied. For example, the representations of U(r, d—r) on Hg;k((Cd; L) are analyzed
in [Man1] where Theorem 7.3 has also been proved; see also [BR, Man2].

PROOF OF THEOREM 7.3. The plan of the proof is as follows. First we reduce
the theorem to a calculation of the £2 Dolbeault cohomology of C? with trivial
coefficients, but with respect to a different measure. Then we explicitly carry out
the calculations for d = 1 and r = 0, 1. Finally, the general case is reduced to the
latter two via an analogue of the Kiinneth formula.

Step 1: Reduction to the untwisted £L? Dolbeault cohomology. Recall that L,
admits a holomorphic trivializing section s such that Vs = /—18s, with 8 =
V—13€;Z;dz;. Since

d(s,s) = (Vs,s)+(s,Vs)

= V-1(B-B) (s s)

= d (=D eilzl) (s.9).
up to a multiplicative constant (which we can scale to be equal to one),
(7.6) (s,s) = e~ Zeilzl’,

The mapping
fdzi, N NdZi, s ® fdz, Ao ANdZ,
gives rise to an isomorphism of the Dolbeault complexes,
QO’*((Cd) N QO’*(Cd;]LT).

This map induces an isomorphism of the £2-Dolbeault complexes, where the target
complex is equipped with the Lebesgue measure (v/—1)¢dzdz and, by (7.6), the
complex Q%*(C%) is equipped with the measure

pr = (V=1)%e" Teil=il g2z,
Emphasizing its dependence on r, we will denote the latter complex by Q%z* ((Cd; )
and its cohomology by H%;((Cd; ). Hence,
(7.7) HY (CH L) = HoF (C ),

and to prove the theorem it suffices to compute H%;((Cd; L)
Step 2: d =1 and r = 0. In this case, the measure is

(7.8) o = vV—le 1 dzdz = p,

and the zeroth cohomology is the Bargmann space Efwl(@; w). For k > 1, the kth
cohomology is zero, because Q0%(C) = 0. It remains to show that Hg;l (Cs o) = 0.
The monomial one-forms z*z'dz form an orthogonal basis of the Hilbert space
Q%zl (C; uo). (To get an orthonormal basis, one must divide by ||2*Z'dz|| = ||2*Z!|| =

vk + 1)) Since
FEldz =0 L ZhEt)
[+1
the image of @ is dense in Q%zl (C; o). By the definition of £? cohomology (see
Section 5.3 of Chapter 6), Hggl (C; o) =0.
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Step 3: d =1 and r = 1. In this case, the measure is

1 = s/—le"z'zdzdz,

and the zeroth cohomology is H%%(C;1Ly) = £},,(C; u1). The assertion that this
space is zero is similar in spirit to Liouville’s theorem on bounded holomorphic
functions. Indeed, this space is the space of holomorphic functions f on C which
satisfy

(7.9) / \f(z)\2e‘z‘2 dzdz < .

In essence, this is a growth condition and, as in the case of Liouville’s theorem,
a holomorphic function for which this integral is finite must be zero. Formally,
however, the integral condition (7.9) does not imply directly that f is bounded,
and Liouville’s theorem does not apply. So let us give an elementary proof of the
fact that an entire function f satisfying (7.9) is necessarily zero.

Consider the integral of |f|? over the circle of radius r:

I(r) = / ‘f (re‘/jw>‘2 df = ZWZ | |22,

where f(z) =" apz™ is the Taylor expansion of f. This integral is a non-negative
monotone increasing function in r. On the other hand, (7.9) readily implies that
I(rr) — 0 for some sequence 1 — o0. Therefore, I(r) = 0 for all » > 0 and hence
f=0.

Since the k-th cohomology vanishes for k > 1, it remains to show that there is
a unitary isomorphism

(7.10) L2o(C i) = Hpy (C; ).
Consider the homomorphism
Q: Lpo(C; 1) — Q22 (C pa)
given by Q: f — 76"z|2d2.
LEMMA 7.7. Q induces a unitary isomorphism (7.10) in cohomology.

PROOF. A simple calculation shows that @ is an isometry. Hence, since the
domain of @ is complete, so is its image. As a consequence, the image of @ is closed.
Therefore, to show that () induces an epimorphism in cohomology, it suffices to
prove that the image of () projects to a dense subspace in

02 (C; i)
closure [Q%;((C; 1) 059‘2’3(@; ul)]

HYH(Cip) =

Recall that the monomials 2*Z! form an orthogonal basis in £2(C; z1). Therefore,
2kzle~ 121" 4% is an orthonormal basis in Q%zl (C; py). For any positive integers k and
[,if k <, the form 2k7le=121” lies in the same cohomology class as a scalar multiple
of the form Z~*e~1*I. This follows by induction from the equality

] 2 C1_g_ _ 2 — 11 2
FElem# 0 dz = 11 e F gz — G(2R e A,

Similarly, when k > [, the form z#Z! e~1#"dz lies in the same cohomology class as a
2 = 2
scalar multiple of the form zF~le~1?1"dz = —9(z*~1~1e~I2I"). This shows that the



1. THE QUANTIZATION OF ¢ 123

forms z™e 1’ dz = Q(z™), for m > 0, topologically generate Hg’;(c;m). Hence
the homomorphism (7.10) induced by @ is onto.

To show that this homomorphism is one-to-one, we will prove that the image
of () is orthogonal to Q%Z,l((C;Ml) N EQOE’QO((C; p1). Recall that the vectors Q(z™),
m > 0, topologically span the image of Q. Hence, it is enough to show that each
Q(z™) is orthogonal to g(fe"z‘z), where f is such that

(7.11) feLCp)
and
(7.12) A(fe 1%y € Q% (T ).

A straightforward calculation shows that in Qo) C; p1) the inner product of
C H
— 2
Q(z™) and 9(fe1*") is given by

@(fe ), QE™) = V-1 / Do(2" fe o) dad.

In particular, this integral exists (as a Lebesgue integral) because the inner product
is defined owing to (7.12). Hence, denoting by D(r) and S(r) the disc and the circle
of radius r centered at the origin, we obtain

(7.13) @(fe 1),Q@E™) = —v~1 lim (=" e * dz)

7= Jp(r)
= —v-=1 lim 2 fem 1A% dz,
T=00 S (r)

where the second equality follows from Stokes’ formula. We conclude that it suffices
to prove that

(7.14) lim e dz = 0.

r=ee Jsr)

A simple calculation relying on the Cauchy—Schwarz inequality shows that

(7.15) / 2™ fe 1 dz| < 27rrm+1e’T2F(r)%,
S(r)
where ,
Fo) = [ |fe T do
0
By (7.11),

o0
/|f\2ﬂ = 2/ F(r)e_r2rdr < 00,
0
and, therefore,
.2
F(rp)e ™r, —0
for some sequence 7, — oc. From this it is easy to see that
TZH'le_TiF(rn)% — 0.

Therefore, by (7.15),

— 0

/ sze_‘z‘zdz
S(rn)
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as r, — 00. Since the limit in (7.14) exists, we conclude from (7.13) that the inner
product is zero. This completes the proof of the lemma and the third step of the
proof of the theorem. O

Step 4: Arbitrary d and r. The general case follows from the previous cases by
the Kiinneth formula. Namely, there exists an obvious homomorphism of complexes

Q93 (C 1) ® Q)5 (Cs o) 147" — Q05 (CY ).
One can show that this homomorphism induces an isomorphism in £2-cohomology.
The only non-zero cohomology of the tensor product is in degree r and is equal
to L£2,(C; p)*" @ L2, (C; u)®@=7) | (the tensor product being the Hilbert tensor
product; see [Ki2, Chapter 4] or [Dou, Exercise 3.21]). Tt is not hard to see that the
latter space is naturally isomorphic to the Bargmann space £3 (@r xCI=mp). O

REMARK 7.8. An argument similar to the proof of Theorem 7.3 allows one to
prove a version of Serre’s duality of the £2 cohomology of L. For example, one can
show that Hz’gk(M; L)* & Hg’zdfk(M; L) for the measure pig on M = C¢. Note that
both spaces are zero unless k = d. (For a general version of Serre’s duality for £2
cohomology see, e.g., [Schm, Proposition 9.1].)

DEFINITION 7.9. The quantization of (C%, w,), with w, given by (7.3), is the
virtual vector space:

(7.16) Q(Ct w,) = (=1)"HO"(C4LL,.).

The motivation for this definition is that the quantization of C? ought to be
the alternating sum

(7.17) Q(Ch wy) =Y (—1)'Hp (CHL,).

In general, however, this sum might not make sense if it contained more than one
infinite—dimensional term. (See Remark 6.36.) However, by Theorem 7.3, we know
that the only non-zero term in the sum is the r-th term and we take this term as
the definition of Q(C?, w,). Thus, by Theorem 7.3 we conclude

REMARK 7.10. To be consistent with the definition of quantization of compact
manifolds we should indicate how this quantization of C? depends on the orienta-
tion. To this end, we declare that (7.16) gives the quantization of C? equipped with
the standard complex orientation. Then, by definition, for C? with the opposite
orientation the quantization is —Q(C? w,). This sign convention will become rele-
vant in Section 4 in the proof of the quantum linearization theorem. Until then we
will always assume that C? carries its standard complex orientation unless specified
otherwise.

THEOREM 7.11. The quantization (7.17) is the tensor product of the Bargmann
space Efwl(@T x C4=7; 1) with the one-dimensional Hilbert space spanned by
8®d21/\.../\d2r,
with the formal sign (—1)".
We now discuss an equivariant version of these results. Let G be a torus, let
a; €g*,i=1,...,d, be weights of G, and let G act on C? as

(7.18) Tlexp&)z = (VT Oz ., emVTTeald) ),
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This action preserves w, and the complex structure of C?. Let us show that this
action is pre-quantizable by describing explicitly how it lifts to an action of G on
sections of L,.. First of all we note

PROPOSITION 7.12. The moment map associated with the action T is of the
form

(7.19) D(2) = 0(0) + Y _ ezl
where ®(0) is an arbitrary constant.

PRrOOF. In polar coordinates, the two-form is 2> ¢;7;dr; A df;, and the infini-

tesimal action of g on C? is given by the generating vector fields e = — 3 oy (5)%
for £ € g. It is easy to check that the function ®(0)+ > €;r?«; satisfies the moment
map equation ¢(¢ca)w = dS. O

Corollary 6.18 gives a one-to-one correspondence between infinitesimal lifts of
the action to . and moment maps ®. By Theorem 6.7, a necessary and sufficient
condition for a moment map to give a lift of the G-action is that ®(0) € Zf,. The
value ®(0) is then the weight of the representation of G on the fiber of L at the
origin. Conversely, if this condition is met, a lift of the action is given by letting G
act on the trivializing section s with the weight ®(0):

(7.20) T(exp&)s = eV 12O,

Moreover, this pre-quantization of the Hamiltonian G-action (7.18) with mo-
ment map (7.19) is unique up to isomorphism by Proposition 6.5 and Corollary 6.18.

Assume now that ®(0) € Z%,. Because the G-action on C¢ is holomorphic, one
obtains a representation of G on the virtual vector space Q(C%, w,). We emphasize
that this representation, Q(C%,w,., ®), depends on ®(0). With (7.20) defining the
action of G on the trivializing section, s, it is now easy to describe Q(C?, w,, ®):

THEOREM 7.13. Theorems 7.3 and 7.11 hold as equalities between virtual rep-
resentations of G.

We will describe the representation Q(C?, w,,®) in more detail in Section 3.
In particular, we will show that when the weights «; satisfy a certain positivity
requirement, the alternating sum (7.17) defining Q(M) does belong to a suitable
completion of the representation ring R(G). (See Remark 6.36.)

2. Partition functions

Let G be a torus and let ay,... ,0q € ZF; be elements of its integral weight
lattice. We associate with the collection aj, ... ,aq a function

N:Z¢& — ZU {0},

called the partition function. By definition, for a weight, a, the value N(a) is the
number of solutions of the equation

d
(7.21) Zkiai = qQ, k; € Z, k; >0, i=1,...,d.
i=1

Geometrically, N(«) is the number of lattice points lying in the polytope
A, ={seR? | Zsiai = a},
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where R‘i is the positive orthant
RY ={seR% s5,>0,i=1,...,d},

N(a) = #(Z* N Ay).

As a consequence, N(«) is approximately equal to the volume of the polytope A,
normalized appropriately.

The polytope A, is the intersection of the positive orthant Ri with the affine
subspace

(7.22) Ala) = {z e R? | inai = a}.
Equivalently, A, is a level set of the projection map
(7.23) RY — g*, S Zs,-ai.

Recall from Chapter 4 that the weights a; € g* are said to be polarized if there
exists a vector £ € g such that

(7.24) a;(§) >0 for i=1,...,d.
To proceed we need a few standard facts from convex geometry.

PROPOSITION 7.14. Let o; be elements of the integral weight lattice 7, C g*.
The following conditions are equivalent to each other:

(1) The weights a; are polarized.
(2) The partition function N(a), o € Zf,, assumes only finite values.
(3) There exists a weight o € Z% such that N(«) is non-zero and finite.

Proor. If the weights o; are polarized, the polytopes A, are compact, by
Proposition 4.14. This implies that N(-) is finite-valued.

Suppose now that the weights «; are not polarized. By Proposition 4.14, there
exist non-negative coefficients {1, ... , lq, not all zero, such that )" l;a; = 0. Because
the weights a; are in a lattice, we may assume, without loss of generality, that all
l; are integers. For any o, if kK = (k1,...,kq) is a solution of (7.21), then so is
(k1 + mly,... kg + mlg) for any non-negative integer m. Hence, if N(«) is non-
zero, the value N («) is infinite. O

The equivalence of assertions (1) and (2) will be particularly important for us:

COROLLARY 7.15. The partition function N(-) takes finite values if and only
if the weights «; are polarized.

We will assume from now on that the weights a; are polarized. We have the
following discrete analogue of Proposition 4.17.

THEOREM 7.16. Assume that the weights o; € Z¢, i = 1,... ,d, are polarized
and let n = dimspan{a; | i = 1,... ,d}. Then there exists a positive constant C
such that

N(a) < Cla|™™"
for all a € Z¢..



2. PARTITION FUNCTIONS 127

PRrROOF. Without loss of generality, we may assume that the weights a; span
g"; otherwise, we replace g* by their span. For o € Z7,, let

Ala) = {r e R? | inai =a}.

This is an affine plane of dimension d — n.
Consider the shifting map

i (z1,. .. xq)— (k1 + 1.0 ,2qg+ 1)

from A(a) to A(B), where B=a+ a1+ ...+ aq.
The map 7 sends Z¢ N A, into

Ag={zeRl | zio; =p}.

For each k € ZNA,,, the ball in A(f3) of radius 1/2 centered at i(k) is still contained
in Ag. (This, in particular, implies that when Z% N A, # 0, the polytope Ag has
dimension d — n, although A, may have a lower dimension, and that Ag spans the
affine space A(3).) Furthermore, it is easy to see that two such balls, for distinct k
and k' in Z% N A, are disjoint. Comparing volumes, we see that

(7.25) vN(a) < vol(Ag),

where v > 0 is the volume of the (d — n)-dimensional ball of radius 1/2 in A(3).
Let £ be a polarizing vector, so that

m := min{a1(£),... ,aq(§)} > 0.
By definition, f =Y z;a; for all z € Ag C Ri. As a consequence,

BO) =Y wii(§) 2m ) w,

el = ot < (Ta) < (%m@)z.

Ag C A(B) N B(r),
where B(r) is the ball in R? of radius r = 1 3(¢). Comparing volumes again, we
conclude that

and so

Hence,

vol(Ag) < vol(A(B) N B(r)).
Since the volume on the right-hand side is smaller than that of the (d — n)-

dimensional ball of radius r = =/3(¢), it follows from (7.25) that there exists a
constant, C’ > 0, which only depends on the weights «;, such that

N(a) < C"(B()".

Since 5(£) = a(&) + const, the theorem follows. O
There is a close relationship between the partition function N(-) associated

with the weights a1, ... ,aq € Z% and the G-action on C? with weights —aj given

by

(7.26) (21y-- y2d) — (67\/7_1041(5), .. ’67\/7_1%(5))_

The action (7.26) has a moment map

1
P(z) = 3 Z 2.
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The image of this map is the convex polyhedral cone

Clag,...,aq) = {Zsjozj | SERi}.

The partition function N(-) is supported in this cone.

Also, the partition function N(-) is supported in the sub-lattice of Z, that
is generated by the lattice elements «q,...,aq. We have the following relation
between this lattice and the action of G:

LEMMA 7.17. The action (7.26) is effective if and only if the weights aq, . .. , aq
generate Zg,.

PROOF. The element exp§ € G is in the kernel of (7.26) if and only if a;(&) €
277 for all j. This means that £ is in the dual lattice to the lattice spanned by

ai,... ,aq (with the 27-conventions of Appendix A). On the other hand, exp¢ € G
is trivial if and only if £ is in the lattice Zg = ker exp. Since the dual to Z¢; is Zq,
the lemma, follows. O

We will now assume that the weights «; are generators of the weight lattice,
Zg, over Z. Otherwise, we may replace Zg, by the lattice generated by the ;.

We recall that an element o € g* is a regular value of ® if and only if it satisfies
the following condition (see Lemma 5.19):

For every solution of the equation

m
(727) o = Zsila“,
=1

with all s;; > 0, the weights a;,,... ,a; span g*.
Note that if « is not contained in the cone C(ayq,... ,aq), then it is regular by
default, because equation (7.27) has no solutions. If « is in the cone C(ay, ... , aq),

it is regular if and only if it cannot be expressed as the convex combination of fewer
than dim G elements «;. We will denote the set of regular values by gy,,. Then the
set

(7.28) Clar,--. ad) Ngreg

is the complement in C(aq,...,aq) of the lower dimensional cones generated by
subsets of the a;’s.

The connected components of the set (7.28) are open convex polyhedral cones,
which we will call moment cones. Moreover, if £ € g is a polarizing vector, so that
a;(§) > 0 for all j, then the intersection of each moment cone with the hyper-plane

a(©) =1
is a convex polytope, A, and hence the moment cone itself is the cone over this

polytope:
{Malae AJNeRL}

EXAMPLE 7.18. Let g* = R?, and let aq,..., a4 be the vertices of the unit
square in the z = 1 plane. Then C(ay,...,a4) is the cone over this square. The
regular points in this cone are those of its interior points that do not lie on the
diagonal planes. Hence, there are four moment cones.

We will next discuss the behavior of the partition function on each of the
moment cones.
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DEFINITION 7.19. A function P: g* — C is a quasi-polynomial if it is of the
form

N Tl
(7.29) Pla) =3 e T By(a),

where Py, are polynomials, ny are positive integers, and & are elements of the group
lattice Zq. The degree of P is the maximum of the degree of the Py’s.

In what follows we will be interested mainly in the restriction of P to Zg,.
Formula (7.29) means that Z}, partitions into the union of affine sublattices, and
on each of these sublattices, P is a polynomial.

THEOREM 7.20. Let C be a moment cone. Then there erists a unique quasi-
polynomial Po of degree d — n, with the property

(7.30) Po(a) = N(w)
foralla e ZgNC.

In Chapter 8 we will interpret the partition function N(-) as the quantization
of a Kihler toric variety that is obtained from C? by reduction. This variety has
orbifold singularities, and its quantization is given by the Kawasaki Riemann—-Roch
formula (see Appendix I). From this formula one can deduce that the quantization
is quasi-polynomial as a function of o as « varies in a moment cone. Theorem 7.20
is a combinatorial expression of this same fact. For a purely combinatorial proof of
Theorem 7.20, see [Stu].

EXAMPLE 7.21. Let G = S, Z§, = 7Z, a; = 1, and as = 2. Then

{N(0),N(1),N(2),...} ={1,1,2,2,3,3,...},
and 3 (1)
@ _
N(a) ==+ - .
(@) 2 + 4 + 4

It turns out that N(«) is given by the quasi-polynomial P even for a singular
value «, on the boundary of the moment cones C:

THEOREM 7.22. For all « in the closure of the moment cone C,
N(«a) = Pe(a).

For a proof, see [Stul].
In particular, we have

COROLLARY 7.23. Let C7 and C5 be two different moment cones whose closures
contain the singular value oo € Z7,. Then

Pe, (a) = Fe, (a)

Recall that the pre-quantization of a singular reduced space is defined by pass-
ing to a nearby regular value; see Section 3.2. If we apply this to C? with its
standard Kéhler form, the dimension of the quantization is equal to P (o) where
C' is the moment cone which contains a nearby regular value that we chose. This
fact is a consequence of the Kawasaki Riemann Roch formula. Corollary 7.23 is
a combinatorial expression of the fact that the quantization of a singular reduced
space is independent of the choice of desingularization, as long as « remains in the
image of the moment map; cf. Chapter 8.
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3. The character of Q(CY)

3.1. Partition functions and the quantization of C4. Consider the space

C? with the symplectic form w, = V=1>"€jdz; NdZ; with e; = ... = ¢ = —
and €,47 = ... = ¢¢ = +1 as in Section 1. Let a torus G act on it with weights
—au,...,—aq as in (7.18) and moment map (7.19) such that ®(0) € Zg,. We recall

that the quantization Q(C?, w,) was defined by (7.16) as

Q(C%w,) = (~1)"H*"(C4Ly).
Thus (—1)"Q(C% w,) is a genuine representation of G. In this section we describe
this representation in terms of a partition function.

Set
afézeiozi, Zzl,,d

Let N(-) be the corresponding partition function, i.e., N(«) is the number of non-
negative integer solutions (ki, ..., kq) to the equation kiafﬁ = a.

PROPOSITION 7.24. The representation (—1)"Q(C%, w,.) of G splits into a direct
sum of one-dimensional weight spaces for G, and the multiplicity with which each
weight o € Z¢, occurs is N(a — v), where

(7.31) v =2o(0) +§:a?.

ProOF. The representation (—1)"Q(C% w,) was computed in Theorem 7.11:
this is the tensor product of the Bargmann space Efwl(ﬁr x C%=": i) with the one-
dimensional space spanned by sdz; A...Adz,.. This Hilbert space is the orthogonal
sum of the one-dimensional spaces spanned by

(7.32) 57N ---E]:Tszll cZRdz AL A dE,.

Since the representation of G on the Bargmann space induced by (7.18) transforms
the coordinate function z; according to the weight «; (see Section 2.5 of Chapter
6), it transforms the vector (7.32) according to the weight

d r
(7.33) 0(0)+ > kiaf +3 af.
1=1 i=1

Indeed, s transforms according to the weight ®(0); for r +1 < i < d, each z:”
transforms according to the weight k;c; = kiof; for 1 <i¢<r, each Ei?” transforms
according to the weight —k;o; = kiafﬁ; and, finally, for 1 < ¢ < r, each dz;
transforms according to the weight —a; = af Adding up these weights, we obtain
(7.33).

The multiplicity with which a weight o occurs in the direct sum is equal to the
number of ways in which « can be represented as a sum of the form (7.33). This is

the number of non-negative integer solutions (k, ... ,kq) of the equation
d r
Zkiafk =a—P(0) — Za?.
i=1 i=1
In other words, this number is N(a — v). O

Combining Proposition 7.24 and Corollary 7.15, we obtain
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COROLLARY 7.25. The weights af, i = 1,...,d are polarized if and only if

each weight a € 7, occurs in the representation (—1)"Q(C%, w,,®) with finite
multiplicity.

By Proposition 4.15, the moment map ®(0) + \zj|2af is proper if and only

if the weights af are polarized. Thus, we have

COROLLARY 7.26. The moment map ® on (C%,w,) is proper if and only if each
weight o € Z7, occurs in the representation 9Q(C%, w,, ®) with finite multiplicity.

3.2. The distributional character of Q(C%, w,). Denote by 7 the repre-
sentation (—1)"Q(C% w,) of G. By Proposition 7.24, an element of G, which we
write as g = exp ¢ for £ € g, acts by an infinite diagonal matrix in which the entry
eV=128) occurs N(a — v) times. Taking the trace of this matrix as a formal sum,
we conclude that the character of the representation 7 is, formally,

(7.34) Xr(exp&) = Z N{a—v)eV 1),

Furthermore, in the proof of Proposition 7.24 we showed that 7, acts on each
basis element (7.32) of (—1)"Q(C%, w,) by multiplication by the character

(7.35) eV I+, kil )(©)

Adding up these contributions formally, we obtain a formal expression for the char-
acter (7.34) as the sum of a geometric progression:

(7.36) Xr(exp€) = eV=T® 3 oV =I(kiaf (&)+...+kaa (£))
k:(kl,... ,kd)GZj_

This series does not converge as a function on G. However, it does converge as a
distribution. Therefore, to make the above analysis rigorous, we must make sense of
X- as a distributional character. The formula (7.34) will then become the Fourier
expansion of x,; see Corollary 7.28 below.

Let us now work out the relevant analysis in this argument. We can think of a
representation 7 of G on a Hilbert space H as a function on G that takes values in
the space of operators on H. To a smooth function f: G — C we can then associate
the operator 7y on H given by

(737 ) = [ () ds,
for v € H, where dg is the normalized Haar measure.

THEOREM 7.27. Denote by T the representation (—1)"Q(C% w,) of G, where
Wy = \/*_1261‘(121' ANdzZ; with ey = ...¢, = =1 and €,41 = ...€q = 1, and where G
acts on C* with weights —cy, i =1,... ,d. Assume that the weights al# = €;a; are
polarized. Then for each f € C°(G) the operator T4 is of trace class, and the linear
functional x-(f) = tracets on C(G) is continuous, i.e., X, is a distribution on
G. Furthermore,

(7.38) X-(f) =Y f(—a)N(a—v)

for f € C=(Q).
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PROOF OF THEOREM 7.27. Recall that the Fourier transform f of f is the
function on the dual group Zg, given by

(7.39) f(a) = /G fg)eV"T2(g) dg,

where the exponential function is viewed as a function on G, i.e., e’ﬂ“(g) =
e~V=1e(®) for g = exp&, £ € g.

Suppose that the representation 7 leaves fixed the one-dimensional space C - v,
spanned by a vector v, and that it acts on this space with a weight —a, i.e., 74(v) =
e~ V=1e®y for all g = expé&, & € g. If we multiply f(g) by this character and
integrate over G, we see from (7.37) and (7.39) that v is an eigenvector for 74 with

an eigenvalue f (a). Hence, by Proposition 7.24, the operator 7 is diagonalizable,
with eigenvalues f(a), o € Z%, and each eigenvalue f(a) occurs with multiplicity
N(—a —v). To show that 7y is of trace class we must prove that the sum

(7.40) Y (@IN(a - v)

converges. By Theorem 7.16, since the weights afﬁ determining the partition func-
tion are polarized,

(7.41) IN(—a —v)| = O(|a|*™).
Since f is C*°, we also have
(7.42) |f(@)] = O(la| ™)

for all m. From these two estimates, it follows that (7.40) converges.
The character of 7 is then given by (7.38). By the estimates (7.42) and (7.41),
this is a continuous linear functional on C*°(G). (See, e.g., [Rudi].) O

The distribution x, defined in Theorem 7.27 is called the distributional char-
acter of the representation of G on (—1)?Q(C% w,,®). Let us now deduce from
these results a few properties of x> which we will use in Section 4.

Recall that the Fourier transform of a distribution x: C*°(G) — C on G is, by
definition, the function on ZZ given by X(a) = x(e~V~1®). The following result

follows easily from (7.38):

COROLLARY 7.28. The Fourier transform x, of x-, as a function on Zg, is
equal to & — N(a —v).

Let 1 € g be a polarizing vector, so that af(n) > 0 for all 3.

PROPOSITION 7.29. The Fourier transform of xr is supported on the cone

(7.43) {acZa—veC(l,. .. o)}
and, in particular, its support is contained in the half space
(7.44) a(n) = v(n).
PROOF. Since N(a — v) is supported on the cone (7.43), this is an immediate
consequence of Corollary 7.28. O

Let G, be the codimension one subgroup of G whose Lie algebra is {a; = 0}.
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PROPOSITION 7.30. Assume, as before, that the weights az# = ¢;a; are polar-
ized and T is the representation (—1)" Q(M,w,, ®) of G. Then the distribution X,
is smooth on the complement of the set

d
Uai
j=1

and, on this complement,
d —
(7.45) Yo(exp€) = (—1)7 V=120 11 (1= ev71es0)

Proor. By (7.36), the distribution y, is a sum of smooth functions (thought
of as distributions). The geometric series (7.36) does not converge as a series
of functions. However, (7.36) does converge in the sense of distributions on the
complement to the union of the subgroups G; to

d -1
(7.46) Xr(exp€) = eV O T (1 _ eﬁam)) ’
j=1
which is a smooth function on this complement.
We will now outline the proof of this for d = 1, The proof for an arbitrary
dimension d is essentially the same. Let a = oﬂf&. We want to show that the

distribution
o<
Z e\/ —Tka
k=0

converges to the function (1 —eV~1*)~1 on the set e¥V~1* # 1. Let f € C°°(G) be
a function supported on this set. Then

N
1 f\ﬁ B Z VTR . V=T(N+1)a,
— e —1la

where h = f(g)(1 — Y~ 1*)~1 is also a smooth function with support on this set.
Integrating this identity over G, we see that the right-hand side is the Fourier
coefficient A(—(N + 1)a) of h which tends to zero as N — oc.

Recalling that
0)+3 o,
j=1

we can rewrite the product in (7.46) as

oV Tafe)  d 1

— oV 12(0)(§)
X-(expé) = e 1_[1 | V107 () '1_[+1 1_ V1ol ()

or, alternatively, as
r d

Xr(exp€) = (=1)7eV/ OGO TT v II 1

Since afﬁ = —a; when 1 < j < r and a}% = a; when 7 +1 < j < d, we obtain
(7.45). [l
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4. A quantum version of the linearization theorem

Let (M,w,®,J) be a compact 2d-dimensional Hamiltonian G-manifold. (Here
G is a torus, w is a closed G-invariant two-form, ® is a moment map for w, and
J is an equivariant stable complex structure.) Assume that the fixed points of the
G-action are isolated.

Let us recall the assertion of the linearization theorem (see Chapter 4) and
remind the reader of all the ingredients that have to go into this theorem for us to
be able to quantize it. At each fixed point p € ME there exists a G-equivariant
complex linear isomorphism

(T,M,J,) = C*

which converts the isotropy action on T, M to the action on C? given by
Tp(eng) = (67 71&1’17(5)211 L) 567 71ad’p(€)zd> )

where —a p, ..., —aq,p are the isotropy weights at p. Choose a polarizing vector,
i.e., a vector n € g such that ay ,(n) # 0 for all k and p, and let afp = €kpQ,p =
+ay,, be the corresponding polarized weights, so that

(7.47) af ,(n) >0

for all £ and p. Let w# = V=1 € pdzi A dZy, and let @f: T,M — g* be the
moment map for this symplectic structure:

oF(2) = 2(p)+ Y |z]%al.
The linearization theorem (see Chapter 4) states that

(7.48) (Mw,®,J) ~ | | (T,M, o}, ®F, ).
pEMG

Recall also that in this cobordism M is oriented and the orientations of T, M are
induced by the orientation of M.

Let us now assume that (M,w) is pre-quantizable by (L, (,), V), and that the
action of G on M lifts to a pre-quantization action of G on L by means of the
moment map ®. Then we have the stable complex quantization Q(M) of M and
also have the quantizations of the tangent spaces T, M described in Section 1.

For compact manifolds, quantization is a cobordism invariant. This follows im-
mediately from the Riemann—Roch formula combined with Stokes’ theorem. This
argument does not apply directly to the non-compact cobordism (7.48); see, how-
ever, [Brav4]. Nevertheless, the result is still true:

THEOREM 7.31 (The Quantum Linearization Theorem). As wvirtual unitary
G-representations,

(7.49) OM,w,®,J) = Z QT, M, wi, &%, Jy).
p

REMARK 7.32. The equality (7.49) is interpreted in the Grothendieck group
of formal differences of unitary representations of G' with trace-class characters.
Alternatively, Theorem 7.31 can be understood as equalities of multiplicities: for
all v € Z7,,

(7.50) mult(a) = Z mult, («),



4. A QUANTUM VERSION OF THE LINEARIZATION THEOREM 135

where mult(«) is the multiplicity with which « occurs in the virtual representa-

tion Q(M,w,®,J) and mult,(«) is the multiplicity with which « occurs in the
#

%

signed representation Q(T,M, w#, @f, Jp). Since the weights a
multiplicities are finite by Corollary 7.25.

are polarized, the

The multiplicity formula (7.50), when applied to a coadjoint orbit for a compact
Lie group, yields the famous Kostant multiplicity formula. Formula (7.50) can also
be found, in a slightly different guise, in [GLS].

Theorem 7.31 is equivalent to the distributional identity

(7'51) XM = ZXp

where y s is the character of Q(M) and where Xp is the distributional character
of Q(IT,M). We note that this equality is slightly stronger than the Atiyah-Bott
Lefschetz theorem: on an open dense subset of G, the distributions ,, are given by
smooth functions, and on this set, (7.51) becomes (6.41).

REMARK 7.33. An important special case of Theorem 7.31 is the following
result of Bernstein—Gelfand—Gelfand, [BGG]. Let K be a compact semi-simple Lie
group having G as its maximal torus and let M be an integral coadjoint orbit of
K. By a theorem of Bott—Borel-Weil-Kostant, the quantization representation p
of K on Q(M) is irreducible and, in fact, all irreducible representations of K can
be obtained this way. (See Example 6.39.) The theorem of Bernstein—Gelfand—
Gelfand asserts that the representation p can be decomposed into a virtual sum
of representations which, as G modules, have a much simpler structure than the
G module Q(M) itself. These “Verma modules” are just the summands on the
right-hand side of (7.49).

PRrROOF OF THEOREM 7.31. Without loss of generality, we may assume that
the orientation of M is induced by J, and hence the tangent spaces T,M carry
complex orientations induced by J,. (The reversal of the orientation of M results
in that both the right- and left-hand sides of (7.49) change sign; see Remark 7.10.)

Let xa be the character of the representation of G on Q(M,w,®,J). For
each fixed point p, let x;, be the character of the virtual representation of G' on
Q(T,M, w#, @#, Jp). By Theorem 7.27 and, in particular, by (7.38), x, determines
the multiplicities mult, («) and hence the representation Q(7,M, w#, ‘I’ﬁ, Jp). Since
Q(M,w,®,J) is finite-dimensional, it is also determined by its character. There-
fore, it suffices to prove that

(7.52) XM = ZX}O-

The summands in (7.52) were computed in Section 3. Indeed, for each p, the
tangent space (1M, w#, @#7 Jp) is isomorphic to C?, equipped with the G-action
with the weights oy, the symplectic form (v/—1)% > €k,pdzjAdZ;j, and the moment
map

OF(2) = (p) + > eplzilPonp = 2(0) + Y |zi%0f
J J

#

where the signs €, are such that the weights o »

tion 7.30,

are polarized. By Proposi-

xplexp&) = eV —12(p)(€) H (1 _ eﬁak,p(g)>’l
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on the set Gy where eV=1:2©&) £ 1 for all p € MY and k = 1,...,d. By the
Atiyah-Bott Lefschetz fixed point formula (see (6.41)), we conclude that

xar(exp€) = xp(expé)

on the set Gy. In other words, the distribution

X = (pr) — XM

is supported on the complement of (G, i.e., on the union of the sets
eVilms® 1 k=1,...,d pe MC.

This alone is not sufficient to establish the identity (7.52). However, we have some
additional information about x. Namely, we know, by Proposition 7.29, that for
some constant Cy the Fourier transform y is supported on the half-space

(7.53) a(m) > Co, « € Zg.

We will show that this forces (7.52) to hold identically by proving the following
result. O

LEMMA 7.34. Let a}%, j=1,...,1, be a collection of weights satisfying af(’r]) >
0, and let x be a distribution on G. Assume that x is supported on the union of
the sets

(7.54) {exp(¢) | eV @ =1, j=1,....1},
and that the Fourier transform of x is supported on the half-space (7.53). Then
x = 0.

PROOF. Since G is compact, y is of the form Pr, where v is a measure with
support on the set (7.54) and P a differential operator of finite order (see [Rudil).
Hence there exist non-negative integers, Ny, ..., N; such that

(7.55) (1— eV Tl )M (1 — v Iaf )Ny = .
Without loss of generality, we can assume that these integers have been chosen to be
as small as possible; i.e., if Nj > 0 and we replace N; by N; — 1, the identity (7.55)
does not hold. We claim that in this case the N;’s all have to be zero and, hence,
x = 0.

To prove the claim, we argue by contradiction. First observe that by taking
the Fourier transform of (7.55) we obtain the identity

(1 - Ta#)Nl ce (1 -T #)NZSC\ = 07

@

where T » is the operator which transforms a function f: Zg — C to the function
J
T - —a?
o f (1) = f(p—af).
In particular, if f is supported on the set (7.53), T # f is supported on the set
J
a(n) > Co + ot (n).
Suppose now that N, > 0. Let

h = (I—Ta#)Nl...(lfT AN (1T 4)NR.

Qr
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Then h is supported on the set «(n) > C} with
Clh=Co+Nia(n) +...+ (N, — Da (i) + ...+ Niof ().

Moreover,
(1-— Ta#)h =0,

and thus
h=Tsh=T4h=...=T%h
for an arbitrary N > 0. Therefore, h is supported on the set
a(n) > Gy + Naf ().
Hence, since N is arbitrary, h = 0. Thus (7.55) holds with Ny,... , N; replaced by

Ny,...,N.—1,...,N;. This completes the proof of Lemma 7.34 and the proof of
Theorem 7.31. O



