CHAPTER 8

Quantization commutes with reduction

1. Quantization and reduction commute

Our goal in this chapter is to show that “quantization commutes with reduc-
tion”. For the sake of simplicity we assume that G is a torus. Let (M,w) be
a compact symplectic manifold, equipped with a G-action and a moment map
®: M — g*. Let « be a regular value of ®. The reduced space

M, =d"(a)/G

is a symplectic orbifold, with a symplectic form w,, induced from w. If the Hamilton-
ian G-manifold (M,w, ®) is quantizable and « is integral, the reduced space M, is
quantizable too: pre-quantization data on M gives rise to pre-quantization data on
M,,. Thus, both the equivariant quantization of M and the ordinary quantization
of M, are well defined as indices of suitable Dolbeault operators. The quantization
of M is a virtual representation of G and is determined by the multiplicities with
which each weight 3 € Z¢ occurs in it. The quantization of M, is a virtual vector
space determined by its dimension. The “quantization commutes with reduction”
theorem, often abbreviated as [Q,R]=0, asserts that the multiplicity with which
the weight « occurs in the quantization of M is equal to the dimension of the
quantization of the reduced space M,:

(8.1) Q(M)* = Q(M,,).
We refer the reader to Chapter 6 for details on the notion of quantization that we
are using.

The “quantization commutes with reduction” theorem was conjectured explic-
itly for the first time in [GS3]. However, less precise forms of it occur much earlier
in the mathematics and physics literature; see, for instance, [KKS]. In the physics
literature, this statement is as a special case of a general “meta-principle” which as-
serts that if one quantizes a classical physical system and then sets certain quantum
mechanical observables equal to constants, one obtains the same “reduced” quan-
tum mechanical system as that which one would obtain by setting the corresponding
classical observables equal to constants and then quantizing this “reduced” classical
system.

“Quantization commutes with reduction” has implications in representation
theory, via the orbit method. For instance, it implies an old conjecture of A. Kir-
illov: Consider a representation p of G corresponding to a coadjoint orbit O C g*
and a representation p’ of K C G corresponding to a coadjoint orbit O’ C £*. Then
if O’ does not occur in the image of the projection @ — £*, the representation p’ is
not a sub-representation of p|x.

We will give a cobordism proof of the “quantization commutes with reduction”
theorem. In principle, this proof should require no assumptions on the fixed point
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set M, but, to make the idea of the proof as transparent as possible, we will
assume that M@ is finite. The idea of the proofis the following: by the linearization
theorem, the manifold is cobordant to the disjoint union of the linear tangent spaces
at the fixed points:

(8.2) M~| |T,M,  peM©.

Since cobordism commutes with reduction, the corresponding reduced spaces are
cobordant:

(8.3) Mo ~| |(1,M)a,  peMC.

Cobordant spaces have the same quantization. Therefore, to prove that “quan-
tization commutes with reduction” for M, it suffices to prove this for the linear
G-actions on T, M.

Unfortunately, certain complications arise in this argument. The value o might
not be regular for the moment map 7),M — g*. One can overcome this problem by
working with nearby regular reduced spaces, which provide a desingularization of
the singular reduced space. Then, another difficulty arises: the linear spaces T), M
come equipped with complex structures that are incompatible with their symplectic
structure, and with such structures, “quantization commutes with reduction” is not
always true at singular levels. In this chapter we tackle these problems and prove
the following version of the “quantization commutes with reduction” theorem:

THEOREM 8.1 (Quantization commutes with reduction at regular values). Let
G be a torus and let (M,w,®,J) be a quantizable stable complex Hamiltonian G-
manifold. Suppose that M is compact and M is finite. Let o € 7t be a weight
for G which is a regular value for ®. Then Q(M,w,®,J)* = Q(My,wa, Jo)-

Usually, one takes w to be a symplectic structure and J a compatible almost
complex structure, however, these assumptions are not necessary. “Quantization
commutes with reduction” provides yet another example of a symplectic phenom-
enon which turns out to be of a topological nature.

When considering a singular value a of ®, we do assume that w is symplectic
and J is a compatible almost complex structure (see Example D.12). Following
[MeSj|, we desingularize the reduced space M, by considering a nearby non-empty
regular reduced space My = Z/G, for Z = ® (a + h), where “nearby” means
that oo+ h belongs to an alcove (a connected component of ®(M),,) whose closure
contains . On M4, we take the reduced stable complex structure Jq 4, induced
from J and work with a two-form w,, defined as if reduction was carried out over the
value a, not a+ h. The precise construction is described in Section 3 of Chapter 6.
The quantization of (Ma,we) is defined to be the Dolbeault index associated with
this data. We denote it by

(84) Q(Ma)+h = Q(Ma+h; We s Ja+h)-
“Quantization commutes with reduction” then asserts that
(8.5) QM) = Q(Mq)+h-

The fact that the right-hand side is well defined (independent of h) was shown
by Meinrenken and Sjamaar, [MeSj]. This also follows from the assertion (8.5).
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When « is a regular value for ®, we can still carry out the above “desingular-
ization” procedure. Thus, we obtain

(8.6) Q(My)+h = Q(M,),

because the right-hand side of (8.4) does not change as a+ h varies through regular
values of ®. Thus, we recover (8.1) as a special case of (8.5).

REMARK 8.2. The reduced space M, = ® !(a)/G can be smooth (or an orb-
ifold) even if « is singular. This happens when « is quasi-regular, meaning that all
the points in ® () have the same stabilizer (up to conjugacy, if G' is non-abelian).
In this case, we again obtain (8.6), see [MeSj]. This should also be provable by
cobordism methods.

To summarize, let us state the theorem precisely:

THEOREM 8.3 (“Singular quantization commutes with reduction”). Let a tor-
us G act on a symplectic manifold (M,w) with a moment map ®: M — g*. Suppose
that (M, w, ®) is quantizable. Let J be a compatible almost complex structure. Sup-
pose that M is compact and MC is discrete. Let o € Z¢ be a weight for G.

Suppose o & ®(M), so that My = 0. Then Q(M,w,®,J)* = 0.

Suppose that o € ®(M). Let oo+ h belong to a component of (M )reg whose
closure contains . Then Q(M,w, ®,J)* = Q(Math,wa, Jath)-

Note that here we must assume that w is symplectic and J is compatible with
w. Otherwise, the moment map image ®(M) is not a meaningful invariant. In
Section 9 we give variants of Theorem 8.3 which do not assume non-degeneracy.

2. Quantization of stable complex toric varieties

In this section we state several propositions that can be viewed as “quantization
commutes with reduction” theorems for linear spaces. The reduction of a linear
space is a toric variety. However, if a linear space is equipped with incompatible
symplectic and complex structures, its reduction is a stable complex toric variety.
Thus, our first goal is to find the quantization of stable complex toric varieties.

Let us begin with the standard Kihler structure on C?. Let a torus G act on
C? with weights —az, ..., —aq € Z and with a moment map ®(z) = 3 3" |z;[%a;.
Assume that the weights are polarized (see Definition 3.19). The quantization of
C? with this structure was determined in Section 3 of Chapter 7: the multiplicity
of each weight a € Z, is given by

(Q((Cd))a = N(a),
where N (-) is the partition function associated with the weights o;:
N(a) z#{mEZ‘j_ | ijaj :a}.

The reduced space is (C?), = ®~!(a)/G. Then the “quantization commutes with
reduction” theorem takes the following form:

PROPOSITION 8.4. Let « is a reqular value of ®. Then dim Q((C%),) = N(a).

The reduced space (C?%), is the Kihler toric variety corresponding to the poly-
tope

A={seR? | Zsjaj:a}
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(see Section 5 of Chapter 5) and N(«a) is the number of lattice points in this
polytope. Hence, Proposition 8.4 asserts:

The quantization (Riemann-Roch number) of a toric variety corre-

sponding to a polytope A is equal to the number of integral lattice

points in A.
This assertion is a well-known “folk theorem” in the toric variety literature and is
usually attributed to Atiyah or Danilov (see [Dan]) who worked with an algebro-
geometric construction of toric varieties. We prove Proposition 8.4 in Section 6 of
this chapter “by hand”, following ideas of Sue Tolman (see [KT1]).

Consider now C? equipped with a symplectic structure and a complex structure

that are possibly incompatible. Explicitly, we take the standard complex structure
J and a non-standard symplectic form

w# = Zejdl‘j A dyj,

where ¢ = ... = ¢, = —1l and ¢,41 = ... = ¢¢ = 1. We let the torus G act, as
before, with complex weights —as, ..., —ay. The symplectic weights for this action
are —a:f = —¢;0; we assume that these weights are polarized. Let the a moment
map be

1 2
(8.7) % (2) =u+5z\zj| o

with v € Z¢,. The quantization of this space was also calculated in Section 3 of
Chapter 7: the multiplicity of each weight o € Z¢, is given by

(Q(Cd,w#, ®%, 1))" = (~1)"N(a — 8 — v),

where N(-) is the partition function associated with the polarized weights o, for

J
j=1,...,d, and

_ #
(8.8) §=> af.
j=1

In this case, the “quantization commutes with reduction” principle takes the fol-
lowing form:

PROPOSITION 8.5. Suppose that o is a regular value of the moment map ®# .
Then the quantization of the reduced space is given by

dim Q (((Cd)f, Wi, Jo) = (-1)'N(a— 6 —v).

Consider now a stable complex Hamiltonian G-manifold, (M, w, ®, J), to which
we can apply the linearization theorem. Thus,

M ~| |T,M;

see Chapter 4. Suppose that « is a regular value for the moment maps M — g*
and T,M — g* for all p € M. From [Q,R]=0 for the linear spaces T,M, one
can deduce that [Q,R]=0 for M. We will give the precise argument in Section 3.
However, there may exist values a which are regular for M but singular for some
Tp,M. Therefore, we must also consider singular reduction of linear spaces, even if
our ultimate goal is to establish that quantization commutes with reduction for a
regular value on M.

Suppose now that « is a singular value for ®#: C? — g*. We desingularize
the reduced space as described in Section 3 of Chapter 6, by passing to a nearby
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)

regular value a+ h. “Nearby” means that o+ h belongs to a connected component
of ®(M)reg whose closure contains . “Quantization commutes with reduction”
asserts that the resulting quantization has dimension (—1)"N(a — ¢ — v), where §
and v are given in (8.7) and (8.8). This assertion is true if we make an additional
assumption:

PROPOSITION 8.6. If h is a positive linear combination of the non-polarized
weights oy, ... ,aq, then

(8.9) dim Q((Cd)f+h,wf, Joatn) = (=1)"N(a— 6 —v).

The proof of Proposition 8.6 will occupy Sections 4-8 of this chapter. Here we
prove a special case:

PROOF OF A SPECIAL CASE OF PROPOSITION 8.6. Suppose that « is not in
the “polarized moment cone”
C* =v+ ZR+af — image®? .
Then the reduced space
(CHE = (") H()/G
is empty. The right-hand side of (8.9) is then zero: otherwise, if there exist m; > 0
such that « — v — 3§ =5 mja;%, then

r d
a:u—l—Z(mJ— +1)a?é—|— Z mja;.‘;é
j=1 j=r+1

is in C#, contradicting our assumption. Equation (8.9) then reads 0 = 0. O
In the rest of this section and in the next section we prove that quantization

commutes with reduction, assuming Proposition 8.6. Let us first prove Proposi-
tion 8.5:

PROOF OF PROPOSITION 8.5. When « is regular, the reduced space at «,
(CH#,wi, J,), is isomorphic to the nearby reduced space (((Cd)f+h,wf, Joth)-
Proposition 8.5 then follows from Proposition 8.6. O

We will need the following two consequences of Proposition 8.6.

PROPOSITION 8.7. Let oo+ h is in the “non-polarized moment cone”
d
C=v+ Z R oy,
j=1

Then dim Q(((Cd)f+h,wf, Jotn) = (=1)"N(a— 6 —v).

PRrOOF. By Proposition 8.6, it is sufficient to find a positive linear combination
I of aj’s such that a+h and a+h’ belong to the same connected alcove (component
of the set of regular values of ®# in its image).

By assumption, there exist coefficients s; > 0 such that o +h =v + ) s;0;.
Because the alcove containing o + h is an open convex polyhedral cone with vertex
v, it contains the entire ray v+t sjo, t > 0. For any « and a large enough ¢,

oz—l—tZsjaj
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will also be contained in this cone. Then A’ := )" ts;c; is a positive linear combi-
nation of a;’s such that a 4+ 1’ is in the same alcove as a + h. O

We end the section with two examples which illustrate that we cannot remove
the assumption on h in Proposition 8.6: [Q,R]=0 is not always true for reductions
of C?* with incompatible symplectic and complex structures, if we desingularize by
h which is not a positive linear combination of complex weights.

ExampLE 8.8. Consider C with its standard complex structure and orientation,
non-standard symplectic form w# = —dx A dy, and circle action with moment map
@#(z) = —34|z|>. Thenr =1,v =0, § = af = —1, and the multiplicity of « € Z
in the quantization of this space is equal to

0 a>0
—1)"N(a—0) = -
(-1 N(a - ) {1 et
However, the quantization of the reduced space at a = 0 is a virtual vector space of

dimension —1, and it remains so if we “desingularize” by passing to a +h = h < 0.
Hence, for « = 0 and h < 0, “[Q,R]=0” reads 0 = 1.

The next example is even more interesting; it shows that, for singular values,
[Q,R]=0 might not hold even if « is in the interior of the moment map image.
Because an appropriate choice of h does give “|Q,R]=0" (by Proposition 8.6), we
also see from this example that singular quantization might depend on the choice
of desingularization if the symplectic and complex structures are incompatible.

EXAMPLE 8.9. Consider C3 with the standard complex structure .J, standard
orientation, and the non-standard symplectic structure

w? = —dx1 AN dy1 + dxa A dys + dxs A dys.

Let S x ST act on (C3,w#) with a and moment map

% (2) = = (|al? + |2a*, |22l® + |23?) -

N =

Then v =0, 6 = o = (1,0), off =(0,1), and af = (1,1). Let o = (k, k) for some
positive integer k. As follows from Section 1 of Chapter 7,

(Q(C3,w#, 0%, 7))

(-1)"N(a — 6 —v)

— _N(E-1,k)
= —#{meZ | mi+mz=k—1and my+ms=k}
- K

On the other hand, if we desingularize by h = (€1, €2) with €1 # €2, the quantization
of the reduced space is, as is clear from Example 8.12 below,

—(k+1) ifeg>e
Cg # , #71]& = ( 7
Q (( Jathr @4 +h> —k if €1 < €.
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3. Linearization of [Q,R]=0

In this section we deduce that [Q,R]=0 for manifolds (see Section 1) from the
[Q,R]=0 theorems for linear spaces, stated in Section 2.

Let (M,w,®,J) be a Hamiltonian G-manifold and let L. — M be a pre-
quantization line bundle. Suppose that M is compact and M is finite. For each

fixed point p € MC, let —a,p,. .. , —0q,p be the isotropy weights at p with respect
to J. Choose a polarizing vector, and let —aﬁp, . ,—afp be the corresponding

polarized weights (see Proposition 4.18). We may assume that the weights are
ordered so that
a# _ —Qjp 1 S ,7 S Tps

7P ajp, Tp<j<d,

for some 1 <7, < d. Let
Tp
_ #
5?’ - Z Qjp-
j=1

The multiplicity of each weight o € Z¢, in the quantization of M is given by

(8.10) QM,w,®,J)* =Y (=1)"Ny(a — 6, — ®(p)),
p
where N, (-) is the partition function associated with aﬁp, . ,ajp; see Chapter 7.

The Hamiltonian Linearization Theorem (Theorem 4.10) provides the following
proper Hamiltonian cobordism:

(8.11) (M, w,®,.J) ~| |(T,M,wf, &%, 7,) .
p
By Theorem 4.12, this cobordism carries the pre-quantization line bundles:
(812) (Ma]La J) NU(TpMava‘]p)'
p

Let us now use this fact to prove the easiest case of the “quantization commutes
with reduction” theorem, namely the case where « is regular for ® and all @f.

PROOF OF A SPECIAL CASE OF THEOREM 8.1. Let us assume that the weight
« is regular not just for ®, but also @f for all p € M. In Section 6 of Chapter 5
we showed that reduction and cobordism commute. Hence, by (8.11),

(8.13) (Ma-,wou Ja) ~ |_| ((TPM)ﬁv (w#)a’ (Jp)a) :

Dolbeault quantization is invariant under compact cobordism. (For manifolds,
cobordism invariance can be deduced indirectly from the Riemann Roch theorem
and Stokes’ theorem. For orbifolds, this fact can be deduced from the Kawasaki
Riemann—Roch theorem combined with Stokes’ theorem; see Theorem 1.19 of Ap-
pendix I. In Appendix J the cobordism invariance of the index is proved directly
for manifolds and orbifolds.) Hence, (8.13) implies that

(8.14) dim Q(Ma,wa, Jo) = Y _ dim Q (T,M)¥, (W] )a: (Jp)a) -

By Proposition 8.5, which we will prove in Sections 4-8,
(8.15) dim Q (T, M)%, (W )as (Jp)a) = (—1)"" Ny(a — 6, — ®(p))-
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FIGURE 8.1. A value that is always singular for some 7}, M

Equations (8.10), (8.14), and (8.15) give the desired equality
O(M,w,®,J)* = dim Q(My,wa, Jo ).
O

Unfortunately, there may exist values o which are regular for M but singular
for some T, M. Choosing a different “polarization” in the Linearization Theorem
often allows one to bypass this problem. However, there may exist values o which
are singular for all polarizations:

EXAMPLE 8.10. For G = S x S! there exists a six-dimensional Kihler Hamil-
tonian G-manifold M whose “X-ray” (i.e., roughly speaking, the moment map im-
ages of the orbit type strata) is given in Figure 8.1. (The manifold is a CP-bundle
over CP! x CP!, constructed as the fiberwise projectivization M = P(E @ C), where
the holomorphic line bundle E is the tensor product TCP' RTCP' over CP! x CP!
with the natural torus action.) Let a be the middle point of the X-ray. For any
polarization, there exists a fixed point p such that « is singular for the moment
map @#: T,M — g*.

We will treat the case that a is regular for M but singular for T, M later in
this section. Let us now assume that the closed two-form w is symplectic and that
J is an almost complex structure compatible with w, and prove that quantization
commutes with reduction for singular values.

PrOOF OF THEOREM 8.3. The important consequence of the non-degeneracy
of w that we will use is the fact that the moment map image ®(M) is contained in
the “non-polarized moment cone” Cp, = ®(p) + >, Ry, for all p (see equation
(2.14)):

(8.16) ®(M) C C,p.

Consider a value a € Zg, which is possibly singular for ®. Fix an alcove
(connected component of ®(M)reg) whose closure contains o and choose a + h in
this alcove so that a + th is a regular value for @#: TyM — g* forallpe M ¢ and
all 0 < t < 1. The Linearization Theorem, followed by reduction with respect to
the abstract moment map @# — h, gives a cobordism

(Ma+hv]Low Ja+h) ~ I_I ((TPM)erhv (]Lp)aa (Jp)a+h> ) pe MGv
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where L is a pre-quantization line bundle for (M,w, ®). (Specifically, we use the
items (1)—(3) of the Theorem 4.12 and the reduction cobordism described in Sec-
tion 6 of Chapter 5.) This implies

(817) Q(Mathswa, Jath) = Z Q ((T;DM)z:_ha (w;jﬁ)om (‘]p)a+h) ) pE M€

by the cobordism invariance of the quantization (see Appendix J). By (8.16),
a+ h € C, for all p. By Proposition 8.7, (whose proof will be complete once we
prove Proposition 8.6, in Sections 4-8),

Q ((TyM)E s (@ as (Jplatn ) = (=1)" Nyl = 8, = @ (p)).
By this, (8.17), and (8.10),
(Q(M,w, ®,J))* = dim Q (Math,wa, Jat) -
([l

We now return to the case where « is regular for ®: M — g*, but possibly
singular for @;‘f: Tp,M — g*, and w is not necessarily symplectic. We could attempt
to desingularize again by passing to a + h. However, in general we cannot choose
an h which is a positive linear combination of a1 p,... , aq,, simultaneously for all
p as we could do in the symplectic case of Theorem 8.3, thanks to the inclusion
(8.16). Instead, we desingularize by deforming ® in a slightly more sophisticated
way.

Let L. be a pre-quantization line bundle for (M,w, ®). Note that the reduced
space of M depends on ® and the quantization of M depends on L. and ®. We
now separate their roles. Namely, in the proof below we replace ® by an abstract
moment map ®’ and we consider the new reduced spaces

(8.18) M, = (&) Ha)/G
with the pre-quantization line bundle
(8.19) L), = (L|g-1(a) ® C—a)/G.

PrROOF OF THEOREM &8.1. The anti-canonical line bundle of a complex mani-
fold is the top wedge of its tangent bundle. Similarly, given a complex structure J
on the vector bundle E = TM @ R¥, the anti-canonical line bundle for the stable

complex manifold (M, J) is defined to be K = A E where m = rankc E. Let ®x

be the moment map corresponding to this line bundle. Explicitly, <I>§( = Oxr(&p),

where P is the unit circle bundle in K with respect to some G-invariant Hermitian
metric and where O is a connection one-form on P. The value of ®x at each
fixed point is the sum of the complex weights: @ (p) = — Z?:l Q-

Consider the abstract moment maps

d+rdx, reR.

The level sets of these maps are isomorphic to each other for r near zero. (This
follows from the fact that the map R x M — R x g* given by (r,m) — (r, ®(m) +
r® g (m)) is proper, since M is compact, and (0, @) is a regular value.) We set

O =D+ 1Py
where r > 0 is such a value. Because the a-level sets of ® and @’ are isomorphic,

so are their quotients:
(Mg, Ly, Jo) = (Mo Lo, Ja),
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where M/ and L], are given by (8.18) and (8.19). Therefore,
(8.20) Q(My, Ly, Jo) = Q(M], L., J.).

[e2angeY
Let us apply the linearization theorem (see Theorem 4.12) to the manifold

M with the abstract moment map @, the line bundle L, and the stable complex
structure J. This gives a proper cobordism

(M, @, L) ~ | |(T,M, ®,Ly).

On the right-hand side, each moment map ®,: T, M — g* can be chosen arbitrarily
as long as it is n-polarized and takes the value ®'(p) = ®(p) — r(c1p + ... + a,p)
at the origin. Let us choose

(8.21) @;(-) = fbf(-) —rloap +...+adp)-
If a is regular for @}, for all p, then
(8.22) QM LY, JL) = Y QUTM)y, (Ly)as (J))a)-
pEMEC

This can be easily seen from the linearization cobordism (8.12), by applying reduc-
tion with respect to the abstract moment map ®’. (See Chapter 5.)
By (8.21),

(T,M), = (T,M)%,, ,  where hy = (a1, + ... + ap).

Thus, we have shifted the moment map by a different vector on each T,M so that
for each p the shift hy is a positive linear combination of the non-polarized weights
at p. By Proposition 8.6,

(8.23) Q(TpM)q, (Lp)as (Jp)a) = (=1)" Np(a = 6p — @(p))

where the prime denotes reduction with respect to ®’, when « is regular for ®’ |Tp M-
Summing over all p’s and applying (8.20), (8.22), and (8.10), we obtain that, if «
is regular for all ®’|z, ar,

Q(M,UJ, J)a = Q(Maawa: Ja)a

as required.

However, « might be singular for ®'|z,s. This happens exactly when o +
r(aip + ... + aqp) is singular for @ﬁ. In this case, we desingularize further, by
reducing ®’ at a value « + h’ which is regular for all ®’|7, s and such that A’ is so
small so that r(as p+...+ aqp)+ A is still a positive linear combination of «; ,’s
for each p. By Proposition 8.6, the ®’-reduction of T, M at « + h has quantization
of dimension (—1)"? N,(a — 6, — ®(p)). Arguing as before, we obtain

Q(MaaLa;Joc) = Q(Méﬂrh’:ﬂ‘lav ;e+h’)
S T M L )
pEMG
= Z Np(a— 6, — @(p))
pEMG
= Q(M,L,J)*,

as required. O
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4. Straightening the symplectic and complex structures

We begin to prepare to the calculation of the Dolbeault quantization of a stable
complex toric variety, as stated in Proposition 8.6. In this section we show how to
replace the stable complex structure by a complex structure, and at what price.

First let us recall the setting. We consider C? with the standard complex
structure J, the action of the torus G' act with weights —a;, ..., —ay:

(8.24) exp(€): (21,--. ,24) — (e7H@08) 2y . e7Head ) forall € € g,

and a non-standard symplectic form
w# = Z dol'j A dyj

withe; =...=¢ = —1land €,41 = ... = ¢4 = 1 and a moment map &# gsuch that
®#(0) = v € Z%. We assume that the weights afﬁ = €ja; are polarized. The toric
variety that we wish to quantize is the reduction of ((Cd, wH OF ) at a. We need
to prove (8.9), i.e.,

(8.25) dim QU(CH# 0, Jarn) 22 (1) N(a =5 —v),

where h is a positive linear combination of «;’s. The reduced space on the left-hand
side stays the same if we replace the moment map ®# by ®# — v and the value «
by «v — v. (This is the “shifting trick”.) The right-hand side also stays the same (v
gets replaced by v — v = 0). Hence, without loss of generality, we may assume that
the moment map vanishes at the origin:

1
¥ (2) = 3 > zi2al.
The map

. z; Jg=1,...,m
J Zj j=r+1,...,d

turns w# into the standard symplectic structure w, but transforms J to a non-
standard complex structure. In other words, this map provides an isomorphism

(Cd, W, ®# J) = (CL w, &%, J#),
where the G-action on the right-hand side is given by
(8.26) exp(§): (z1,...,2q) — (67““#’9,21, . ,eii(Qf’@zd) forallé eg

and where w is the standard symplectic form on C? and J# is a non-standard
complex structure. (Note that .J # is equal to —J on the first r coordinates.) Also,
this transformation flips the orientation if r is odd. Hence, the toric variety that we
wish to quantize can also be obtained as the reduction of of (C%,w, ®#, J#) with
respect to the G-action (8.26), with the orientation flipped if r is odd. In other
words,

(€ ot Tain) = (1) (€2 s T
where the sign (—1)" indicates a possible orientation flip. Then equation (8.25)
becomes
(8.27) dim Q (€, war IE, 1)

goal

N(a — ).
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The pre-quantization line bundle for (C%, w, ®#, J#) is
L=C%xC,

where G acts on C? as in (8.26) and acts on C trivially (because v = 0).

The quantization associated to a stable complex structure and a line bundle
is completely determined by the corresponding Spin® structure. By the “Spin®
shift formula”, the G-equivariant Spin® structure on C? that is given by J# and
L is the same as the Spin® structure that is associated with the standard complex
structure J and the line bundle L. ® Cs. See Section 3 of Appendix D; specifically,
Example D.53.

Consider now the reduction of C¢ with respect to some (abstract) moment map.
If two equivariant stable complex structures and line bundles on C? determine the
same equivariant Spin® structure, then, on the reduced space, the induced stable
complex structures and line bundles also determine the same equivariant Spin®
structure, and hence the same quantization. (See Section 3.4 of Appendix D.)
Therefore, equation (8.27) is equivalent to

goal

(8.28) Q ((Cd)(ih,ﬂaaﬂs, Jred) = N(a—9).

Here, the quotient ((Cd)j:_h = (%) o (av+h)/G is taken with respect to the action
(8.26), the stable complex structure Jyeq is induced from the standard complex
structure on C¢, and the pre-quantization line bundle is

Lo—s = (L®Cs)a = ((L|z) ® Cs ® C_y) /G = Z xG Cq—s,

where Z = (®#)~!(a). The function N(-) is the partition function associated with
af, ... ,aff. We need to prove (8.28) when h is a positive linear combination of
A1y ... ,Qq.

5. Passing to holomorphic sheaf cohomology

Again, let us start by recalling the setting to which we have reduced the prob-
lem. We consider C¢ with its standard complex and symplectic structures, and let
the torus G act with weights —af .. ,—af that are polarized and with moment

map ®#(z) = 33 |zj|2af. We have

" ” —aot j=1 T
5= o7 and a; = J e
Z J / ot j=r+1,...,d
j=1 J
for some 0 < 7 < d. We consider a weight « € Zg, pick a nearby regular value a+h,
such that h is a positive linear combination of «;’s, and set Z = (®#) 1 (a+h). The
toric variety that we wish to quantize is Z/G. This quotient is equipped with the
stable complex structure Jyoq that is induced from the standard complex structure
on C%, and the line bundle

La—s =72 xgCq_s-

We need to show that the quantization of (Z/G, Ly s, Jrea) has dimension N (a—4).
The reduced space Z/G is actually a complex, not just stable complex, orbifold,
as it can be identified with the G.I.T. quotient:

Z/G=W/Gc,
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top left
alcove

bottom right alcove

FIGURE 8.2. Moment map image for Example 8.12

where W = G¢ - Z. (See Section 4 of Chapter 5.) Then, for any weight 3 € Z,,
the complex line bundle Lg = Z xg Cg becomes the holomorphic line bundle
Lg =W XG¢ (CB.

The index of the corresponding Dolbeault operator is equal to the alternating
sum

> _(=DRE* (W/Ge,0,)
k
of the cohomology groups of the sheaf of holomorphic sections; see Chapter 6.
Setting = a — J, we get

(829)  Q((CYZ 1 Lamss Jrea) = (=1)" S (=) dim 7 (W/Ge, 0, ).
k
To prove our goal, (8.28), it is enough to show that

. ~ oa N(a—é) k :O
8.30 dim 7% (W/Ge, O goal :
(8:30) im H* (W/Ge, Or. ) 0 k> 0.

REMARK 8.11. A formula for the sheaf cohomology of a holomorphic line bun-
dle over a toric variety is given in [Od]. This formula implies (8.29) rather easily
in the special case when 6 = 0 and « is a regular value.

We end this section with a holomorphic calculation that completes the proof
of Example 8.9.

EXAMPLE 8.12. Let G = 8! x St act on C3 by
(8.31) (a,b) - (21, 22, 23) = (@~ 21,0 29, (ab) ~'23)

with a moment map
1
¥ (2) = 3 (laf* + l2a]*, |22]* + |23]%) -

The moment map image with its two alcoves is shown in Figure 8.2.

Let o = (k, k) for some positive integer k, and let 6 = (1,0). Recall that the
space W/G¢ depends on the choice of o + h. We will show that if o + h is in the
bottom right alcove,

(8.32) Los — W/Gc

is the line bundle O(k) over CP!, and the dimension of its quantization is k + 1. If
«+ h is in the top left alcove, (8.32) is the line bundle O(k — 1) over CP!, and the
dimension of its quantization is k.

Let us prove these claims.
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For o+ h = (k1, K2) in either alcove, the level set Z = (®#)~1(a + h) is given
by the equations

1 1
(833) 5 (|Zl|2 + |23|2) =K1 and 5 (‘22|2 + ‘23|2) = K2.

On the bottom right alcove, k1 > k3 > 0. The equations (8.33) then imply
that 27 is never zero and that z5 and z3 cannot vanish simultaneously. By Theorem
5.18,

W ={(z1,22,23) | 21 # 0 and (22, z3) # (0,0)}.
The quotient W/G¢ is isomorphic to CP! and an isomorphism is given by
(834) [Zlv 22, ZB] = [Z1227 23]7

where the left-hand side is an equivalence class in W/G¢ for the G¢ action (8.31).
Because o — § = (k — 1, k), the line bundle L, _s — W/G¢ can be identified
with the set of equivalence classes

(8.35) [21, 22, 23, u] ~ [G/Z],bZQ,abZ?,,a/kilbku]
where (21, 22,23) € W, v € C, and (a,b) € (C*)2. The map
[21, 22, 23, u] — [2122, 23, 21U]
sends it to the line bundle over CP! with Chern class k, whose total space is given
by the equivalence classes
[wy, w2, u] ~ [cwr, cws, cFul, wy,wa,u € C,  (wr,ws) # (0,0).

For this line bundle, dim H° = k + 1 and dim H>Y = 0. By (8.29), the dimension
of its quantization is k + 1.
On the top left alcove, k2 > k1 > 0. The equations (8.33) then imply that
W ={(z1,22,23) | 22 # 0 and (21,23) # (0,0)}.
As before, the quotient W/G is isomorphic to CP! through the formula (8.34) and
the line bundle L,_s is given by the formula (8.35). This line bundle, however, is
isomorphic to the line bundle over CP! with Chern class k — 1; an isomorphism is

[Zla 22, 23, u] = [21227 23 22_111’]‘

The dimension of its quantization is k.

6. Computing global sections; the lit set

In this section we will compute the space of global holomorphic sections. More
specifically, we will show that its dimension is

(8.36) dim H°(W/G¢,OL, ;) = N(a —6),
proving the first part of our goal (8.30).

It will be convenient to work with an “upstairs description” of Oy, ,, in terms
of holomorphic functions on an open subset of C?: the holomorphic sections of the
line bundle

La,(; =W ><(;C (Ca,(; e W/G(C
can be viewed as G-equivariant holomorphic functions W — C,_s, i.e., holomorphic
functions on W that have the transformation property

(8.37) F((exp&) - z) = @708 f(2) for all £ € g.
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Because W contains (C~{0})¢, a holomorphic function on W can be expanded
into a Laurent series

(8.38) f=> amz™

meZd
This function satisfies (8.37) if and only if
(8.39) Z mja;% =a—9§
for every m = (my,... ,mq) such that a,, # 0.

Holomorphic monomials on C? are precisely those z™ for which m; > 0 for
all 7. On W, a priori, there could be holomorphic monomials with some m; < 0.
However, the following lemma says that this cannot happen:

LEMMA 8.13. Suppose that m € Z% satisfies (8.39) and the monomial 2™ is
holomorphic on W. Then m; > 0 for all j.

Hence, the space of holomorphic sections is spanned by the monomials z™ such
that m € Z¢ satisfies (8.39) and m; > 0 for all j. The number of such monomials
is precisely N(a — §), by the definition of the partition function N(-). This proves
(8.36).

REMARK 8.14. If the complement of W in CP? has complex codimension greater
than or equal to 2, the holomorphic monomial 2™ extends to all of C¢, by Hartog’s
theorem (see, e.g., [GH]). Hence, m; > 0 for all j. However, if the level set ® ()
does not meet the coordinate plane {z; = 0}, the complement of W contains this
plane and, hence, has codimension one.

The remainder of this section is devoted to the proof of Lemma 8.13.

The monomial z™ is holomorphic on W if and only if, for each j, the exponent
m; > 0 once there exists z € W with z; = 0. Because W = G¢ - Z, it is enough to
check this criterion for z in Z. Moreover, since z € Z is equivalent to 3 Y |2;[2a; =
a + h, there exists z € Z with z; = 0 if and only if there is s € A with s; = 0,
where

A=Agip={seRE Zsjaj =a+ h}.

For any m € R?, let us define the corresponding lit set L,, C OA as

(8.40) L,, ={s € Aysp | T isuch that s; =0 and m; < 0}.

Then for m € Z?, the monomial 2™ is holomorphic on W if and only if the lit set
L,, is empty. We need to prove that for each m € Z? that satisfies (8.39), m; <0
for some j implies that the lit set is non-empty.

The lit set has an intuitively clear meaning, which justifies its name, in the case
that m belongs to the affine space spanned by A,

A(a+h):{x€Rd|ijaj:a+h}.

Such an m is outside A if and only if m; < 0 for some j. Suppose that this is
the case. Now, standing at m, let us point a flashlight at A. Because A is a solid
polytope that does not let light through, the jth facet is lit if and only if light
rays from m reach that facet from the outside, without having to pass through the
interior of the polytope. This exactly means that m; < 0. Therefore, the set of
points that are lit by the flashlight is precisely L,,. This is the reason for the name
“lit set”.
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ARN
P/

m

FIGURE 8.3. Lit set x when m is not coplanar with A

REMARK 8.15. The notion of a wvisibility set is sometimes used in Riemannian
geometry: L,, is the set of points of A that are visible to a spectator standing at
m.

If we stand outside a convex polytope and point a flashlight at the polytope,
the lit set is non-empty and contractible. Therefore, if m belongs to A(a + h) but
is not in A, the lit set L,, is non-empty and contractible.

For certain m’s which are not in the affine space spanned by A, these properties
are not always satisfied: the following example shows that, if m lies outside the affine
space spanned by A, the lit set might not be contractible:

ExampPLE 8.16. Take L(z,y) = 2 +y, « = 0, a + h = ¢, and m = (my,ms)
with both mj; and my negative. Then A is an interval and L,, is its boundary,
which is not contractible. See Figure 8.3.

Let us now restrict our attention to m € Z? such that > m]—a?& = a — 4. Such
an m is not in the affine plane A(«+ h). However, the lit set L, is still non-empty
and contractible.

PROPOSITION 8.17. Suppose that h is a positive linear combination of aj’s and

that 6 = Z;Zl af = 722:1 aj. Let m € 2% be such that Zmzafk = a— 0.
Suppose also that m; < 0 for some j. Then the lit set L,, is non-empty and

contractible.

PROOF. Let

h=>Y hjal

with h; > 0 for all j. We may assume, by shrinking h if necessary, that h; < 1 for
all j. Let

"= m; + h; T;';d
J J J

) {mj+1—hj 1<j<r

Because mj; € Z and 0 < h; < 1, we have

(8.41) mj <0 <= mj<0
for each j. Also, because af = —qj for 1 <j<rand af =aq; forr <j<d, we
have

d r d
Zm;—af: mjaj#—i— af—i—Zhjaj:(a—é)—i—é—i—h:a—l—h.
j=1 j=1 j=1 j=1
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Thus m' is in A(a+h). By (8.41) and the hypothesis, m; < 0 for some j. Hence, m'
is outside the polytope A,+n. As pointed out above, these properties of m’ imply
that the lit set L,, is non-empty and contractible. Because the lit set depends only
on the collection of j’s for which m; < 0, it follows from (8.41) that L,, = L.
Hence, L,, is non-empty and contractible. O

PROOF OF LEMMA 8.13. Suppose that the monomial 2™, for m € Z, is holo-
morphic on W. As we have seen, this means that the lit set L,, is empty. Suppose
in addition that m satisfies (8.39). Then, by Proposition 8.17, m; > 0 for all j. O

7. The Cech complex

It remains to prove the second part of (8.30), i.e.,

(8.42) dim B> (W/Ge, Ov, ;) *2' 0,

where W = G¢ - Z and Z = ® (a + h), assuming that h is a positive linear
combination of a;’'s. We will calculate this sheaf cohomology from a “good cover”
of W/G¢. We do not need to look very far: in Section 5 of Chapter 5 we obtained
the following explicit description of W:

(8.43) W= Wi, I€Fain
I
where
WI _ (CI % (Cx>d\1,
and where F,1j denotes the collection of subsets I C {1,...,d} such that there
exists z € (®#)~!(a + h) for which z; = 0 exactly if i € I.
We consider the resulting covering of the reduced space,

W:{WI | IEFoH»h}a

where W; = W; /Gc. Consider the holomorphic line bundle Lg = W x g, Cg for
any 3 € Z¢; we will soon specialize to f = a — 4.

CLAIM 8.18. For each I € Foyp. the Dolbeault cohomology of Wi twisted by
the line bundle Lglyy, vanishes in all positive degrees.

PROOF. By the results of Section 5.4 of Chapter 5, each of the sets W;/Gc is
biholomorphically equivalent to a space of the form (C* x (C*)"=%) /T, where I is
a finite abelian group acting linearly on C". The restriction of the line bundle LLg
to this open set is

(CF x (C*)" ) xp C
for some linear action of I' on C. It follows that the Dolbeault cohomology in
question can be identified with I'-invariant Dolbeault cohomology with coefficients
in the trivial line bundle (C* x (C*)"~*) x C, where the I'-action on the fiber is
perhaps non-trivial. An averaging argument shows that this cohomology is the
same as the Dolbeault cohomology of C¥ x (C*)*~* with trivial coefficients. By
the 0-Poincaré lemma (see, e.g., [GH]), the latter is acyclic. O

Since Wr NW; = Winy, the cover W has the property that any intersection of
sets in the cover is acyclic with respect to the Dolbeault cohomology, i.e., satisfies
H>O(V, OL,) = 0. By Leray’s theorem (see, e.g., [GH]), this implies that the sheaf
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cohomology groups of Or,, over W/Gc are equal to the cohomology groups of the
Cech complex for the cover W:

C(W,0n,).

A k-cochain ¢ in this complex is a map which assigns to every (k 4 1)-tuple of
multi-indices Io, ... , I in Fo4n a holomorphic section of g over the intersection
WIO n... ﬂWIk. This intersection is equal to Wy for I = IoN...N I, and the line
bundle over this intersection is

LB|WI = W[ X Ge (Cﬂ.

Recall that W; = CT x (C*)>1. Let us argue as in Section 6: holomorphic sec-
tions of ILg over W can be viewed as holomorphic functions on Wi whose Laurent
expansion has the form

f=>amz"

where
(8.44) m; >0 forall j € I and Y mial = .

Denote by O,, the sheaf of functions on C% which are multiples of the monomial
. One may think of the space Or,,(W7r) as the direct sum of the spaces Op, (W),

over all m € Z? such that Zmia;# = f. (Strictly speaking, this is only true
for a completion of Og(W;) unless the direct sum is finite.) Motivated by this
observation, we now concentrate on one particular value of m.

The sheaf O,,, can be described in the following way. The complex torus (C*)?
acts on all ingredients involved: on C¢, on W/G¢, and on LLg. These actions
induce an action on the sheaf of holomorphic sections. The monomial f(z) = z™
transforms as

(8.45) FO2) =N\ f(z), A€ (C)L

Because the torus element A € (C*)¢ acts on functions by sending a function f(z)
to the function f(A~!2), the functions which transform according to (8.45) are those
functions on which the torus acts with weight —m

The (C*)%action commutes with the Cech differential

k+1
(846) (DC)J(L--- eyl = Z(fl)cho,... /P

1=0
Therefore, this action descends to the cohomology. Moreover, for each m, the
cochains on which the torus acts with weight —m form a subcomplex, and its
cohomology is the subspace of the sheaf cohomology consisting of those classes on
which the torus (C*)? acts with weight —m

Because W/G¢ is compact, the cohomology is finite-dimensional. Therefore,

we have a genuine decomposition

(8.47) H(W,0L,) EBH (W, O, mez’ Y mial =3

for the covering
W:{WI | Iefa—t—h}'
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(In other words, all but a finite number of terms on the right of (8.47) vanish.)
Therefore, we need to prove that

goal

(8.48) H>°(W,0,) 2" 0 forallm e Z% such that Z mial =a - .
The k-cochains in the complex which gives H(W, 0,,) are
(8.49) P oW, n..0Wy).
Io,... Ix€Faxn
Recall that Wi, N...NWy, = Wy for I = IpN...NI. The following lemma follows
immediately from the fact that W = CI x (C*)4>1:

LEMMA 8.19. If m; > 0 for all j € I, the space O,,(W7) is one-dimensional
and spanned by z1"* ...z, Otherwise, O (Wr) = {0}.

Hence, the complex (8.49) giving H(W, ©,,) is isomorphic to the complex

(8.50) Qk =

@ C lfmzz()forall’LEIOﬂﬂIk,
0 otherwise.

Io,... ;. Ik €EFatn

The differential D in QF, comes from the standard formula for the Cech differential:

for c € k-1
k

(DO, .1, = Z(*l)jclo,... T

§=0
It remains to show that the higher cohomology H>(QF | D) vanishes when m € Z¢
and z:miafé =a—0.

8. The higher cohomology
Our goal now is to prove that
(8.51) H>0 (0, D) =0 forallmeZ® suchthat Y miof =a -3,

where ¥ is the complex (8.50). We will show that the cohomology of this complex
is essentially equal to the relative cohomology of the pair (A, L,,), where A is the
polytope
A=Agin={s€ R’i | Zs,—az# =a+h}
and L,, is the “lit set”
L,, = {s € A|3isuch that s;, = 0 and m; < 0}.
Because both A and L, are contractible, this cohomology will be zero.
Recall that the elements of F,; encode the faces of the polytope A:
Forn=Fa={IC{l,...,d} | 3s€ Asuchthats; =0 < i€}
The covering of W by the sets Wj, for I € Fa, corresponds to the covering of A
by the sets
Ur={s€Aqyn|si#0foralligI}

(8.52) = the star of the I'th face of A,

for I € Fa. Namely, W; consists of exactly those elements of W which are sent to
Us by the T%-moment map

W — W/Ge = Z/G — A,
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the last arrow maps [z1,...,24] to 3(|z1]?,... ,[za|?). More explicitly, Uy is the
union of the interiors of faces whose closures contain the I'th face of A. We consider
the covering of A by the open sets Uj.

Each Uy is a non-empty contractible open set, and Urny = Uy NU; for all 1
and J. Therefore, the sets Uy form a good covering for A, in the usual sense: the
Cech cohomology of this covering, with constant complex coefficients, is equal to
the singular cohomology of A. See [BT1, Theorem 15.8]. Because the intersections
Ui, N...NUs, are never empty, the Cech complex for this covering is

(8.53) ch=  p c
Io,... ;I €EFatn

The complex C* coincides with the complex Q7 (see (8.50)) if m; > 0 for all j.
Hence, in this case, the cohomology groups of 2%, are identical to the cohomology
groups of the (contractible) space Ag:

* 0\ 3 *\ _ C k:(),
HYQr ) = HY(C*) = H*(A) = {0 oo,

Therefore, H>%(Q%,) = 0, if m; > 0 for all j, as required.
It remains to prove that H>9(Q5,) = 0 for all m that satisfy

(8.54) me 74, Zmlafk =a— 4, and 3 j such that m; < 0.
It will be convenient to express the complex 2} as a quotient:

2, = C*/Qn,
where C* is given by (8.53) and

(8.55) Qn =

Io,..., In€F

k @ 0 ifm;>0forallie lhnN...N I,
C otherwise .

It is enough to show that
(8.56) H>(Q;,) =0

for all m that satisfy (8.54). (The conclusion that H*(Q%) = 0 for k > 0 follows
then from the long exact sequence in cohomology induced by the short exact se-
quence of complexes 0 — Q% — C* — QF, — 0.) Our proof will be complete once
we show that

(8.57) H¥Q},) = HY (L),

because the lit set L,, is contractible (by Proposition 8.17).
Consider the covering V,, of the lit set L,, by the sets

Vi =U;N Ly, I e Fa.
CLAIM 8.20. The covering Vi, is a good covering of the lit set Ly, .

PrROOF. Recall that U; is the star of the Ith face of A. If the Ith face of A is
not lit, the entire star is not lit, and V; is empty. If the Ith face of A is lit, then
V7 is equal to its star in L,,, which is contractible. Also, just as for the U;’s,

VigN...NVi, =V for I=1IyN...N 1.

It follows that V,, is a good covering, as required. O
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REMARK 8.21. V), is an indezxed covering of L,,; the set YI can be equal to the
set Vj even if I # J. This does not cause any trouble; the Cech theory still goes
through for indexed coverings.

Cram 8.22. Vi # 0 if and only if there exists j € I such that m; < 0.

PRroOF. Suppose j € I and m; < 0. Choose a point s in the jth open facet of
A. Then s € Uy and s is lit.

Conversely, suppose that s € Uy is lit. The condition that s € Uy implies that
sy > 0foralll & I. The condition that s be lit implies that there exists j such that
s; = 0 and m; < 0. Combining these two observations, we conclude that j must
be in I. |

CLAIM 8.23. The Cech complex for the covering V., with constant complex
coefficients, coincides with the complex QF,.

PrOOF. The Cech complex is

a0 = P {C if Vig N0 Vi, # 0,
Ioy: Tu€Fain 0  otherwise.
The complex @y, (see (8.55)) can be rewritten as

Qh =

@ C ifdielyn...NI; such that m; <0,
0 otherwise .

Io,... Ik€EFatn

Applying Claim 8.22to I = Iy N...NI; and Vi =V, N... NV}, we see that
C*(Vin,C) = QF, for all m and k. O

Now we are in a position to complete our proof:
HQ7,) H"(Vn, C)
Clair;S.QO ﬁk (Lm7 (C)

Proposition 8.17

Claim 8.23

Hence,
H>0(Qm) =0,
as required.

9. Singular [Q,R]=0 for non-symplectic Hamiltonian G-manifolds

Let G be a torus and let (M,w,®, J) be a quantizable Hamiltonian G-manifold
equipped with an equivariant stable complex structure J. Assume that M is com-
pact and M is discrete. We stress that we do not require J to be compatible with
w nor w to be non-degenerate. We have shown that [Q,R]=0 holds at all regular
values o of ®. When « is singular, there is difficulty even in stating this result:
if w is symplectic and J is compatible, for “singular [Q,R]=0" to hold we must
desingularize by shifting, passing to a + h which is inside the moment map image
®(M). In the degenerate case, the moment image is meaningless.

However, in the degenerate case there are two polytopes which can be used
to replace ®(M). When stated in terms of these polytopes, the [Q,R]=0 theorem
continues to hold. Alternatively, [Q,R]=0 holds with a particular desingularization
which is different from the Meinrenken-Sjamaar “shift desingularization”. Whereas
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there might remain singular values o € Zg, to which the above results do not apply;
they do establish versions of “singular [Q,R]=0" for most values a without assuming
non-degeneracy.

Consider the non-polarized moment cones

(8.58) Cp =2(p) + iRJram,, pe MC,
j=1
We set
(8.59) A =G
p
and
(8.60) Ay = conv{®(p) | p € MY},

The set As, being the convex hull of a finite set of points, is always a compact
convex polytope. The set A is a finite intersection of convex polyhedral cones and
can be non-compact. However, if A; is compact, A; C As. (We leave the proof of
this fact to the reader as an exercise.)

Recall that if w is symplectic and J comes from an almost complex structure
compatible with w, then A; = Ay = ®(M). (See Section 2 of Chapter 2.) If w is
not symplectic, then often A; # As:

EXAMPLE 8.24. Let S' act on S? C C x R by rotations with standard moment
map. Consider the stable complex structure coming from

TS?OR=T(CxR)|g2=8*xCxRcCS*xC2

Both isotropy weights are equal to +1. Hence, A; is an infinite ray and A, is
an interval. On the other hand, if we equip S? with the stable complex structure
which is the opposite from the standard complex structure, A; is empty (being
the intersection of two disjoint rays pointing in opposite directions) and A, is an
interval.

A close examination of the proof of Theorem 8.3 yields the following, more
general, result. Let (M, w, ®, J) be a quantizable Hamiltonian G-manifold equipped
with an equivariant stable complex structure. Assume that M is compact and M
is discrete. Consider the moment cones (8.58), and, for each “polarizing vector” 7
(see Proposition 4.18), consider the “polarized moment cones”

d
C’f :Q(p)+ZR+afp, pe MC.
j=1

Let o € Z, be a weight for G. Let a+ h be a nearby regular value for ®.

PROPOSITION 8.25. Assume that there exists a polarization such that o+ th €
interior(Cp) if a € C'#, for all 0 < t <1 and for each p € M%. Then

(8'61) Q(M,w,(I),J)O‘ = Q(Ma+hawana+h)'

In particular,
Q(Mawv ¢7 '])a - Q(Ma+h7 Wayy Ja+h) =0
when there exists a polarization such that o & C’if for all p € MC.
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FIGURE 8.4. Generalized moment polytopes for a Hirzebruch surface

FIGURE 8.5. CP3 with a 2-torus action

Proposition 8.25 implies that quantization commutes with reduction for values
of av that are outside A or inside Aq:

PROPOSITION 8.26. Let G be a torus and (M,w,®,J) a quantizable Hamilton-
ian G-manifold equipped with an equivariant stable complex structure. Assume that
M is compact and M is discrete. Let o € Z¢& be a weight for G and let h € g* be
such that o+ th is a regular value of ® for all 0 <t < 1. If a & Ao,

(8'62) Q(M,w,(l),J)a = Q(Ma+hawaa']a+h) =0.
If a + th € interior(Ay) for all 0 <t < 1,
(863) Q(M,w,q),J)a = Q(Ma+hvwa7t]a+h)-

PROOF OF PROPOSITION 8.26. Suppose that a € A,. Because As is convex,
there exists a hyperplane that strictly separates « from A,. Equivalently, there
exists 17 € g such that a(n) < ®"(p) for all p € M. Choose this 7 as a polarizing
vector. Then v & C’f for all p € M, and, by Proposition 8.25, (8.62) holds.

Suppose that aw+th € interior(A;) for all 0 < ¢ < 1. Then a+th € interior(C))
for all 0 < ¢t < 1 and for all p € MY, regardless of whether on not a € C# and, in
particular, regardless of the polarization. By Proposition 8.25, (8.63) holds. [l

EXAMPLE 8.27. Let M be the Kéhler Hirzebruch surface corresponding to the
first polytope in Figure 8.4. There exists a pre-symplectic form whose moment
image is the second, “twisted” polygon in Figure 8.4. (See [KT1].) With this
structure, A; and A, are as shown in the figure.

For « in the interior of the bottom triangle of the “twisted polygon”, M, is a
point and dim Q(M,,) = 1; for « in the interior of the top triangle, M, is a point
with orientation —1 and dim Q(M,,) = —1.

For o € Z? in the closure of the bottom triangle, Q(M)* = 1; for a € Z? in
the interior of the top triangle or in the interior of its top edge, Q(M)* = —1; for
all other o’s, Q(M)* = 0. (See [KT1].)
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In this example we see that Q(M)* is equal to Q(M/) when the latter corre-
sponds to the moment map ® for which the horizontal edges are shifted slightly
outwards, the vertical edge is shifted slightly to the left, and the diagonal edge is
shifted slightly to the right. This is a special case of the following result, which is
proved exactly in the same way as Theorem 8.1 in Section 3.

PROPOSITION 8.28. Let G be a torus and let L be a a pre-quantization line
bundle over a Hamiltonian G-manifold (M,w,®,J) equipped with an equivariant
stable complex structure. Assume that M is compact and M is discrete. Fiz
o € 7.

If « is a regular value for ®, then [Q,R] =0 at a by Theorem 8.1.

Suppose that « is singular for ®. Let K be the anti-canonical line bundle for
J and let P be the corresponding moment map. For a small enough r > 0, there
exists a small (possibly zero) h' € g* such that « is a regular value for ® :=
D+ rPy — h'. We desingularize the reduced space by passing to (M}, ), where
M! =Z7Z'|G for Z' = (®') () and o' = curvaturel!, for

L, =Lz ®C_a)/G.
With this desingularization, we have [Q,R] = 0:
O(M, w, @, J)* = dim Q(M, o)

ExAMPLE 8.29. Consider CP? equipped with its standard Kéhler structure and
the (S x S')-action with moment map shown in Figure 8.5. The middle point «
is a singular value for ®, and, moreover, for ® + r®x for all r > 0. We can still
apply Proposition 8.28, with A’ # 0. Alternatively, [Q,R]=0 at « for any “shift
desingularization”, by Proposition 8.26, because « is in the interior of the square
Aj.

10. Overview of the literature

In this section we give a brief (and admittedly incomplete) survey of publica-
tions related to the [Q,R]=0 conjecture. The reader interested in more detailed
accounts should consult [Sj2] (for the results prior to 1995) and [Ve5].

Special cases of the [Q,R]=0 conjecture were proved in [GS3] and [GS4]. For
example, in [GS3] this conjecture was verified for Kéhler manifolds, and in [GS4] it
was shown that a “stable” version of this conjecture is true in the sense that it holds
if one replaces the symplectic manifold (M,w) by the symplectic manifold (M, nw)
with n sufficiently large. The papers [GS3] and [GS4] appeared in the early 1980’s,
and then there was a ten year hiatus during which there were very few further
developments (the only development we are aware of being the article [DET]).
In 1992, however, some work of Witten on two-dimensional quantum field theory
opened a new avenue of approach to this conjecture: Witten was concerned with
computing the cohomology ring structure of the moduli space of vector bundles over
a Riemann surface; and, to do so, invented a computational technique in equivariant
de Rham theory which has become known as “non-abelian localization”. (See
[Wi2].) This was refined further by Jeffrey and Kirwan in the paper [JK1] (see also
[JK2, JK3]) in which they showed how non-abelian localization is related to the
usual abelian localization of Atiyah-Bott-Berline-Vergne. (For a cobordism version
of their result, see [GGK1].) Then it was observed, simultaneously, by a number of
persons (among others, Meinrenken, Jeffrey, and Kirwan) that the Jeffrey-Kirwan
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version of non-abelian localization enables one to give a very simple heuristic proof
of [Q,R]=0. (For an account of this “proof” see [Guill].) In the spring of 1995,
Meinrenken [Men1] succeeded in making this heuristic argument rigorous, and,
at about the same time, Vergne [Ved] (see also [Vel, Ve3]) gave an alternative
proof which was also, to some extent, based on non-abelian localization. Next, in
the fall of 1995, a completely different proof, using Lerman’s theory of symplectic
cutting, was discovered, independently, by Duistermaat-Guillemin, Meinrenken and
Wu (see [DGMW] and, for the symplectic-cutting ideas, [Lerl]). In the spring
of 1996, Meinrenken adapted the symplectic cutting methods of this paper to the
non-abelian case and proved in [Men2] the non-abelian analogue of (8.1). Finally,
in the fall of 1996, he and Sjamaar showed, in [MeSj] (see also [Sj1]), that the
results of [Men2] were true for singular reduced spaces.

In some sense the Meinrenken—Sjamaar theorem is end of the story as far as the
[Q,R]=0 conjecture is concerned. However, some further interesting developments
have occurred subsequently. In [TZ] Tian and Zhang gave a third completely new
proof of the conjecture using analytic Morse theory d la Witten, and we started
developing in [GGK1] a cobordism approach to the problem, of which we gave a
fuller account in this book. Also it was discovered that [Q,R]=0 could be formulated
in the setting of deformation quantization, and a proof of it in this setting was given
by Fedosov [Fe|. Finally, quite recently, Meinrenken and Woodward [M'W1] have
given a simple analytic proof of the Verlinde factorization theorem which can be
interpreted as a version of [Q,R]=0 for loop groups acting on infinite dimensional
symplectic manifolds.

Essentially topological proofs of the abelian case of [Q,R]=0 were obtained in
[CKT, Met3, Par2|. For instance, in [Par2] the [Q,R]=0 theorem is proved
for regular values of abstract moment maps for torus actions (and for regular and
singular values for compact connected Lie groups acting on symplectic manifolds).
We also refer the reader to [Brav4] for a non-compact version of the [Q,R]=0
theorem and to [Te] for a proof of [Q,R]=0 for smooth compact polarized varieties.



