APPENDIX J

Cobordism invariance of the index of a
transversally elliptic operator

by Maxim Braverman

1. The SpinC-Dirac operator and the Spinc-quantization

In this section we reformulate the “Spin“-quantization commutes with cobor-
dism” principal in a more analytic language. In Subsection 1.1, we briefly recall
the notion of Spin“-Dirac operator. We refer the reader to [BGV, Dul for details.
We also express the Spin®-quantization of an orbifold M = X /G in terms of the
index of the lift of the Spin®-Dirac operator to X. In Subsection 1.2, we explain the
relationship between such lifts associated with cobordant Spin®-structures. This
leads us to a notion of a cobordism between transversally elliptic operators. To show
that Spin®-quantization of orbifolds commutes with cobordism, it is then enough to
prove that the index of transversally elliptic operators commutes with cobordisms,
which will be shown in the subsequent sections.

1.1. A Dirac operator associated with a Spinc-structure. Suppose M
is a compact oriented m-dimensional orbifold. Let (P, p) be a Spin®“-structure on
M. Recall from Section D.2 that here P is a principal Spinc(n)—bundle over M
and p : P — GL,(TM) is a Spin®(n)-equivariant map, which gives rise to an
SO(n)-structure on 7'M and, thus, to a Riemannian metric g™ on M.

The group Spinc(n) has a canonical unitary representation .S, called the space
of spinors. The Hermitian orbibundle & = P Xgpinc(ny S 1s called the spinor bundle
over M.

Example. If the Spin®-structure on M is given by an almost complex structure
and a complex line bundle L (cf. Section D.5), then the spinor bundle is isomorphic
to A*(T%*M)* ® L, where A®(T%1M)* is the bundle of anti-holomorphic forms on
M.

There is a canonical action ¢ : TM — End(S) of the tangent bundle TM on
S by skew-adjoint endomorphisms, such that c¢(v)? = —|v|? where |v| denotes the
norm of the vector v € TM with respect to the Riemannian metric g™.
Let VS be a Hermitian connection on S. The SpinC—Dimc operator on § is the
first order differential operator

(J.1) D = ic(ei)V‘; . O°(M,8) — C*®(M.S),

=1
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where eq, ... , e, is an orthonormal frame of T'M (the operator D is independent of
the choice of this frame). If the connection V¥ was properly chosen, which we will
henceforth assume, then the operator D is self-adjoint; cf. [BGV, Proposition 3.44].

Suppose now that m = dim M is even. Then the spinor bundle possesses a
natural grading S = ST & S~ such that

D:C®(M,8*) — C~(M,S%).

We denote by D the restriction of D to the space C*° (M, S¥). Note that (D)* =
D—.

By definition, the Spin“-quantization Q(M) of M is equal to the index the
operator D7:

Q(M) = dimKer D™ — dimCoker DT = dimKer D* — dimKer D~

Suppose now that M = X/G is a presentation of the orbifold M. Here X is
a smooth compact manifold with a locally free action of a compact group G. Let
g% be the lift of the Riemannian metric on M to X. Then the action of G on X
preserves g-X.

Denote by D* the lift of D* to X. Then D* is a G-invariant transversally
elliptic operator on X (see Subsection 3.1 for a definition of a transversally ellip-
tic operator). The group G acts on the kernel of D* and Ker D* is naturally

isomorphic to the G-invariant part (Ker bi)G of Ker D*: cf. [Kaw?2, §1]. Hence,
QM) = dim (Kerf)*)G — dim (Ker D*)G.

1.2. A cobordism of Dirac operators. Let My = X/G and My = X, /G
be presented orbifolds of the same even dimension m = 2k, endowed with Spin®-
structures. Assume that there is given a Spinc—cobordism between My and M;. In
other words, we assume the following data:

A compact oriented manifold W with boundary; a locally free action of a
compact Lie group G on W; the representation of the boundary of W as a disjoint
union of — X and X (here, — X is the manifold X with the opposite orientation);
the Spinc—structure on W/@G, which, by restriction, induces Spinc—structures on
X;/G, i = 0,1; the isomorphisms between the orbifolds M; and X;/G, i = 0,1,
which carry the Spinc—structures on M; to the Spinc—structures on X;/G.

Recall from the previous subsection, that there is a natural Riemannian metric
on W. Using this metric we can identify the union of the cylinders Xy x [0,¢) and
X1 X (—¢,0] with a neighborhood U C W of the boundary of W. We denote by
t : U — R the projection onto the second factor. By a slight abuse of notation,
we denote by the same latter ¢ the induced map U/G — R. Let dt € T(U/G) C
T(W/G) be the corresponding vector (we use the Riemannian metric to identify
the tangent and the cotangent bundles to W/G). Set

~v = c(dt).

Let S, S; denote the spinor bundles on W/G and M; = X;/G respectively. Recall
from the previous section that there is a natural grading S; = S;" @ S; . There
is a natural isomorphism between the restriction of S to M; and S;. Under this
isomorphism we have 7| st = +/—1.

Fix a connection on S. It induces connections on S;. Let D, D, denote the lifts
of the corresponding Dirac operators to W and X; respectively. From (J.1), we see
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that the restriction of D to the neighborhood of X;, i = 0,1 has the form

(J.2) D = T + D,
where % denotes the covariant derivatives along t.

Thus to show that the Spin®-quantizations commute with cobordism, it is
enough to prove that the indexes of the transversally elliptic operators D; on
X;, i = 0,1 coincide, whenever there exists a G-equivariant cobordism W be-
tween Xo and X; and a G-invariant transversally elliptic operator D on W, whose
restriction to a neighborhood of the boundary satisfies (J.2). This statement will
be made more precise and proven below.

2. The summary of the results

2.1. Let X be a compact n-dimensional Riemannian manifold on which a
compact Lie group G acts by isometries. Let £, E~ be G-equivariant Hermitian
vector bundles over X. Let AT : C®(X,E") — C*(X,E ") be a G-invariant
transversally elliptic differential operator of order 1 (cf. [Atl] or Section 3 of this
appendix).

Let A= : C®(X,E~) — C*®(X, E") be the formal adjoint of A" and consider
the operator

A;:[O A~

2+ o} L O®(X,ET @ E7) — C¥(X,E* G E™).

2.2. The distributional index. The kernel Ker(A*) C L2(X, E*) is a closed
G-invariant subspace, and, hence, can be considered as unitary representations of
G.

Let us denote by G the set of all equivalence classes of irreducible represen-
tations of G. For p € G, we denote by Ker,(A%) := Homg(p, Ker(A%)) the p-
component of Ker(A™).

Atiyah, [At1], showed that, for each p € G, the dimension of the spaces
Ker,(A%) is finite. Moreover, the formal sum

(J.3) char Ker(A¥) := Z dim Ker,(A%) - char p
peé

converges to a distribution on G.
The distributional index ind“(A) is defined by

(J.4) ind® A := charKer(A") — charKer(A™) € D'(G)™,

where D’'(G)™ denotes the space of distributions on G invariant under the inner
automorphisms of G. Set indf A :=dimKer,(A") — dimKer,(A"). Then

(J.5) ind? A = Z indg(A) - char p.
peé’
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2.3. The case when X is a boundary. Suppose now that X is a boundary
of a compact G-manifold W and that F' is a G-equivariant vector bundle over W,
whose restriction to X is G-equivariantly isomorphic to E. Note, that we do not
assume that the bundle F' is graded.

We choose an equivariant identification of a neighborhood U of the boundary
of W with the product X x (—¢,0] and we denote by t : X x (—¢,0] — (—¢,0] the
projection. We fix a G-equivariant connection on F, so that the operator 9/0t acts
on the sections of the restriction of F' to U.

The main result of this appendix is the following

THEOREM 1. Assume that there exists a self-adjoint G-invariant transversally
elliptic symmetric differential operator B : C*(W, F') — C>(W, F'), whose restric-
tion to U has the form

(1.6) B = + A,

where v is a skew-adjoint bundle map, such that vy|g+ = ++/—1. Then the index
ind“A = 0.

REMARK 1. By (J.5), the theorem is equivalent to the statement that indf A=
0 for all p € G.

2.4. The cobordism invariance. Theorem 1 implies the cobordism invari-
ance of the index in the following sense.

Assume that X;,i = 0,1 are compact Riemannian G-manifolds and that EZjE
are G-equivariant Hermitian vector bundles over X;. Let Aj : COO(Xi,Ej) —
C*®(X;, E;") be transversally elliptic differential operators. Set 4; = A @ A; .

Suppose W is a compact G-manifold, whose boundary is the disjoint union of
X and X;. Then we can and will identify a neighborhood U of the boundary of
W with the disjoint union of the cylinders X x [0,¢) and X3 X (—e,0]. We denote
by t : U — R the projection onto the second factor.

Assume that there exist a G-equivariant Hermitian vector bundle F' over W,
whose restriction to the boundary is isomorphic to the bundle induced by E; =
Ef @ E;, and an operator B : C*(W, F) — C°°(W, F), which near the boundary
takes the form (J.6). In this situation we say that the operators Ay and A; are
cobordant.

Let E® = EPT @ ESP™ be the bundle E, with the opposite grading, i.e.,
ESP* = EF. Then Ag defines the operator A% : C°°(Xq, ESP) — C™°(X,, ESP).
Clearly, ind® A® = —ind® A,.

Set X = XoU X; and let E = ET @& E~ be the graded bundle over X induced
by EgP and Ey. Let A: C®(X,E) — C*(X, E) be the operator induced by Ag”
and A;. Then the operators A and B satisfy the condition of Theorem 1. Hence,

ind® 4; — ind“ 4y = ind®A = 0.
Thus we proved the following

COROLLARY 1. The distributional indexes of cobordant transversally elliptic
operators coincide.

Combining this corollary with the discussion in Subsection 1.2 we also obtain
the following
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COROLLARY 2. Spin® quantization of orbifolds commutes with Spin® cobor-
dism.

2.5. The plan of the proof of Theorem 1. We apply the method of
[Brav3] with necessary modifications.

Choose a G-invariant Riemannian metric on W, which induces the product
metric on U = X x (—&,0]. Let W denote the complete non-compact Riemannian
manifold obtained from W by attaching the semi-infinite cylinder X x [0, 00) to the
boundary. We extend the bundle F and the operator B to W in the obvious way.

Consider two linear operators' ¢y, and cr on the exterior algebra A*C = A°C@
ALC, defined by the formula

(J.7) crw = 1Aw — yuw; crw = 1A Aw + yw, w € A*C.

(Here we consider 1 as a vector in C and denote by ¢; the interior multiplication
by this vector.) These operators anti-commute with each other, crcg + cgrer, = 0.

They also satisfy ¢7 = —1, ¢k = 1.

Set ' = F ® A*C and consider the operator
(1.8) B := V=1B®cp: C°(W,F) — C®(W,F).
Note, that the operator Bis symmetric, since ¢}, = —cp.

Let p : W — R be a G-invariant map, whose restriction to X x (1,00) is
the projection on the second factor, and such that p(WW) = 0 (see Subsection 4.1
for a convenient choice of this function). For any a € R, consider the operator
B, := B — (p(x) — a) ® cg. Then (cf. Lemma 1)

(J.9) B2 = B*®1— R+ |p(z) —a|?

a

where R : C®(W, F) — C>®(W, F) is a bounded operator.

Let BE denote the restriction of B, to the spaces F' ® A°C and F ® A'C
respectively. In Subsection 4.2 we show that, for each p € G , the index indf B, =
Ker,(B}) — Ker,(B, ) is well defined and is independent of a.

It follows from (J.9) that, if a < 0, then the operator B2 is strictly positive. In
particular, its kernel is empty and indf B, = 0. Also, if a > 0, then all the sections
in Ker B2 are concentrated on the cylinder X x (0,00), not far from X x {a} (this
part of the proof essentially repeats the arguments of Witten in [Wil]). Hence, the
calculation of Ker B2 is reduced to a problem on the cylinder X x (0, 00). It is not
difficult now to show that indpG B, = indpG Afora>0,peG.

Theorem 1 follows now from the fact that indf B, is independent of a.

3. Transversally elliptic operators and their indexes

In this section we recall the definitions and some properties of transversally
elliptic operators on a compact G-manifold; cf. [At1]. Since in the proof of The-
orem 1 we apply some of the constructions which Atiyah used to prove that the
index of a transversally elliptic operator is well defined, we will briefly recall this
proof in Subsection 3.2.

1These operators generate two actions of the Clifford algebra of C on A®C, called, respectively,
left and right actions. This is the motivation for the subscripts “L” and “R” in our notation.
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Throughout the section X is a Riemannian G-manifold, F, F' are G-equivariant
Hermitian vector bundles over X and D : C°(X, E) — C*°(X, F) is a G-invariant
pseudo-differential operator of order 1.

3.1. Transversally elliptic operators. Recall that the leading symbol (D)
of D is a function on the cotangent bundle T*X taking values in Hom(E, F'). Let
T¢X C T X denote the subbundle of covectors which vanish on vectors tangent to
the orbits of G. We will identify X with the zero section of T5.X.

DEFINITION 1. The operator D is called transversally elliptic if o(D) is invert-
ible when restricted to TEX\X.

Fix a bi-invariant Riemannian metric on GG, and let Y7,... ,Y; be an orthonor-
mal basis for the Lie algebra g = LieG. Denote by Yi,...,Y the corresponding
first order differential operators defined by the action of G on ET, and form the
operator

k
Ag =1 - Y Y?: C®(X,E) —» C®(X,E).

i=1
Consider the second order pseudo-differential operator
D = (D,AY?): C®(X,E) — C™(X,F)®C>®(X,E).

One immediately sees that the operator D is transversally elliptic if and only if the
principal symbol of D is injective on T* X\ X. Equivalently, the operator

D*D = D*D+ Ag: C°(X,E) — C™(X,E)
is elliptic (here D*, D* denote the formal adjoints of the operators D and D, re-
spectively).
3.2. The distributional index. Suppose now that p € G is an irreducible
representation of G and let

L2(X,E) := Homg(p,L*(X.E))®p

be the p-component of the space L?(X, Ei) of square-integrable sections of E.
Clearly, the restriction of Ag to L2(X, E) is bounded by a constant C(p). It
follows that the space Ker,(D) := Ker DNL>(X, E) is a subset of the space

(D*D)¢(py == {ue Li(X7 E): (D*Du,u) < C(p) }.

By the standard theory of elliptic operators (cf., for example, [Sh1] or [At1,
Lemma 2.3]), the space (D*D)c¢(,) is finite dimensional. Hence, so is Ker,(D)
and we have the inequality

p)

dim Ker,(D) < dim(D*D)C(p).

Similarly, dim Ker,(D*) < dim(DD*)c(,). With just a little more work (cf. [At1,
p. 13]), one shows that the sum (J.3) converges to a distribution on G. Thus the
sum (J.4) also converges to a distribution on G, called the distributional index of

A.
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4. Index of the operator B,

4.1. The calculation of B2. We will use the notation of Subsection 2.5.
In particular, U ~ X X (—¢,0] is a neighborhood of OW, ¢ : U — (—e&,0] is
the projection, W is the manifold obtained from W by attaching a cylinder, F =
F ® A*C and B is the operator defined in (J.8). Recall that in Subsection 2.3
we have chosen a connection on F'. This connection defines a trivialization of the
restriction of F' to U along the fibers of t. Hence the Hermitian metric on E induces
a metric on F|y. We extend this metric to a G-invariant Hermitian metric on F.
This metric induces a Hermitian metric on F in the obvious way.

Let s : R — [0,00) be a smooth function such that s(t) = ¢ for [t| > 1, and
s5(t) = 0 for |t| < 1/2. Consider the map p : W — R such that p(y,t) = s(t) for
(y,t) € X x (0,00) and p(x) = 0 for 2 € W. Recall that the operator cg is defined
in (J.7) and define the operator

(J.10) B, := B — (p(z)—a)Qcp.
LEMMA 1. Let II; : F — F ® A‘C, (i =0,1) be the projections. Then
(J.11) B2 = B2®1 — R + |p(z) —al?

a

where R: F — F is a uniformly bounded bundle map, whose restriction to X X
(1,00) is equal to v/—1~(I1y — p), and whose restriction to W vanishes.

ProOF. Note, first, that p(z) —a = —a on W. Thus, since cg anti-commutes
with B, we have B2|y = B?|w + a?> = B?> ® 1|w + a®. Hence, (J.11) holds, when
restricted to W.

We now consider the restriction of B2 to the cylinder X x (0,00). Since the
operators ¢y, and cgr anti-commute, we obtain

B xx(0,00) = B?®1 + V=1v®crer + [s(t) —al>.
Since cpeg = Iy —Iy, it follows, that (J.11) holds with R = s'/=1~(II; —1Io).
O

4.2. An estimate on the kernel of B,. As in Subsection 3.1, we choose
an orthonormal basis Y7,...,Y) for the Lie algebra g = Lie G, and we denote by
Yi,...,Y} the corresponding first order differential operators defined by the action
of G on C®(W, F). Set Ag :=1— Zle Y2 and consider the second order pseudo-
differential operator

B, = (B, AY?): C®(W,F) — C®(W,F)a C®(W,F).

Using Lemma 1, we have

(J.12) B:B, = (B2®1+AG) + (|p(a¢)—a|2—R).

We consider BZBQ as an operator acting on the space of square-integrable sections
of F.

LEMMA 2. The operator B:B, is self-adjoint and has discrete spectrum.

PROOF. Since the operator B is transversally elliptic, the operator (J.12) is
elliptic. Hence (cf., for example, [Sh3, Lemma 6.3]), the Lemma is equivalent to
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the following statement: For any € > 0 there exists a compact set K C W, such
that if u is a smooth compactly supported section of F', then

(J.13) /_ lul?du < s/_ (B:B,u, u) dpu.
W

W\K

Here, dy is the Riemannian volume element on W, and (-, -) denotes the Hermitian
scalar product on the fibers of F.

Set V(x) = |p(x) — a|?> = R. To prove (J.13) note that, since R is bounded,
there exists a compact set K C W, such that V > 1/¢ on W\K, i.e.,

/ (Vu, wydu >/ lul?dp, for all we L*(W,F).
W\K W\K

Note, also, that the first summand in (J.12) is a non-negative operator. Hence, we
have

/ lul? du < 5/ Vu,uydp < 5/ (Vu,uydp < 5/ (B:B,u, u) dp.
W\K W\K w 2

w
g

We apply the method of Subsection 3.2, to study the kernel of B,.
For an irreducible representation p € G, denote by LQ(W F) the p-component

of the space of square-integrable sections, and by Ker,(B,) = KerB, N Li(W, F).

LEMMA 3. The spectrum of the restriction of the operator B, to L?)(W, F) is
discrete. In particular, dim Ker,(B,) < cc.

PROOF. As in Subsection 3.2, the equation (J.12) implies that, for each p € G,
there is a constant C'(p) such that, for all a, A € R we have
{ueL2(X,E): (Biu,u) <A} € {ueLl2(X,E): (B;Bau,u) <C(p)+A}.
By Lemma 2, the dimension of the right-hand side of this formula is finite. Hence,
so is the dimension of the left-hand side. O
Set Ft:= F® A°C, F~:= F®A'C, B+ : 7Ba|L2 =) and define
(J.14) indp B, = dimKer,(Bf) — dimKer,(B;).

REMARK 2. One can obtain estimates on the growth of the numbers indf B,

with p and prove that the distributional index ind“ B, is defined. The direct proof
of this fact will be more involved than the proof in [At1], since we have to work
on a non-compact manifold W. We will show, however, that indf B, = 0 for all

pE é, a €R.
LEMMA 4. For each p € (:?, the index indf B, is independent of a.

PrROOF. From (J.10), we see that B, — B, = (b—a)®cp is a bounded operator;
depending continuously on b —a € R. Since indf B, coincides with the usual index

of the restriction of BT to the space Lz(W, F ), the lemma follows from the stability
of the index of a Fredholm operator; cf., for example, [Sh1, §1.8]. O

LEMMA 5. indS§(B,) =0 for all p € G,a € R.
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PRrROOF. By Lemma 4, it is enough to prove the proposition for one particular
value of a. But it follows from Lemma 1 that, if a is a negative number such that
a? > sup, .y | R(z)||, then B2 > 0, so that Ker B2 = 0. O

To prove Theorem 1 it is enough now to show that indf B, = indf A. This
is done in two steps: first, in Section 5, we construct a “model” operator B™°4 on
the cylinder X X (—o0, 00), whose index is equal to indf A. Then, in Section 6, we
show that ind§ B, = ind§ B=ed,

5. The model operator

The bundles E* lift to Hermitian vector bundles over the cylinder X x R,
which we will denote by the same letters. Consider the Hermitian vector bundle
F:= (E* ® E~)® A*C and the operator B4 : (X x R, F) — C™(X xR, F)
defined by

0
B™d .= /C1A®cr + V_l'V@CL& + t®cr,

where t is the coordinate along the axis of the cylinder. We refer to B™°d as the
model operator; cf. [Sh2]. Tt follows from Lemma 3 that the spectrum of the
restriction of B™? to the space L2(X x R, F) is discrete (To see this, one can set
W = X x [0,1], and view X X R as a manifold obtained from W by attaching a
cylinder.)

We define ind B™°4 by (J.14).

LEMMA 6. The kernel of the model operator B is G-equivariantly isomor-
phic (as a graded space) to Ker(A). In particular, indf Brod — indf);A for all
ped.

PROOF. Repeating the arguments of Lemma 2 we see that the model operator
B™od is self-adjoint. Hence, its kernel coincides with Ker Bmod?, Also, from Subsec-
tion 3.2, we know that the kernel of the transversally elliptic operator A is a direct
sum of the kernels of bounded operators A|L%(X’E). It follows that Ker A = Ker A2.

Therefore, to prove the lemma it is enough to show that Ker Bmed? i equivariantly
isomorphic to Ker A2.
The same calculations as in the proof of Lemma 1 show that

(J.15) (B™N?|2(xxrEterec) = A2Q1 + 1® < ok (I1; — 1) +t2)-

Both summands on the right-hand side of (J.15) are non-negative. Hence, the
kernel of (B™m°4)? is given by the tensor product of the kernels of these operators.

The space Ker ( — g—; + II; — IIp + tz) is one-dimensional and is spanned by
the function p*(t) := e /2 € A°R. Similarly, Ker (— % + Il — IIy + ¢?) is one-
dimensional and is spanned by the one-form p~ (¢) := et/ 2ds, where we denote by
ds the generator of A'C. It follows that

Ker(B™9)2 0 L%(X x R, E* @ A°C) ~ {cr ®pE(t): o€ Ker A2 N L2 (X, EF) }

O
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5.1. The shifted model operator. Let T, : X xR — X x R, Ty(z,t) =
(z,t 4 a) be the translation, and consider the pull-back map 77 : L*(X x R, F') —
L*(X x R, F). Set

Brd = T*,0B™ 0T = BR1 — 1®cp(t—a).

. .G e
Then mdp B’;‘Od = 1ndp B™°4 for any a, p € R.

6. Proof of Theorem 1

In this section we fix p € G. All the operators studied in this section are
restricted to the p-component of the space of square-integrable sections. For sim-
plicity, we omit the subscript “p” from the notion for these operators. In particular,
B denote the restriction of B, to the spaces Li(VNV, F*). Similarly, let Biped, Bioad

denote the restriction of the operators B4 B#od to the spaces Lg(X X R, Fi).
Note that, with this notation, we have

indg B, = dimKer B} — dimKer B ;
indf B4 = dim Ker B$:)ad — dim Ker BT?bd.

If A is a self-adjoint operator with discrete spectrum and A € R, we denote by
N (X, A) the number of the eigenvalues of A not exceeding A (counting multiplici-
ties).

PROPOSITION 1. Let Ay denote the smallest non-zero eigenvalue of (B1°9)2.
Then, for any 0 < € < min{\, A\_}, there exists A = A(e,V) > 0, such that

(J.16) Nt —e,(B)?) = dimKer(BT9)?,  forall a> A

Before proving the proposition let us explain how it implies Theorem 1.

6.1. Proof of Theorem 1. Let V5, C L2(W,F'*) denote the vector space
spanned by the eigenvectors of the operator (B;‘E)2 with eigenvalues smaller or equal
to Ay — e. The operator B sends Vsyia into V7. It follows that

dim Ker B;r — dimKerB, = dim VETa — dim VE;

By Proposition 1, the right-hand side of this equality equals dim Ker Bf"d

— dim Ker B®°4, Thus indf B, = indf B™°d, Theorem 1 follows now from Lem-

mas 5 and 6. (|
The rest of this section is occupied with the proof of Proposition 1.

6.2. Estimate from above on N(\y — ¢, (BF)?). We will first show that
(J.17) N\ — ¢, (BF")) < dimKer B9,

To this end we will estimate the operator B2 from below. We will use the technique
of [Sh2, BF], adding some necessary modifications.
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6.3. The IMS localization. Let 5,7 : R — [0, 1] be smooth functions such
that j2 + 32 = 0 and j(t) = 1 for t > 3, while j(t) = 0 for t < 2. Set ju(t) =
Ga™2t),  ja(t) = j(a~'/?t). These functions induce smooth functions on the
cylinder X x [0,1], which we denote by the same letters. By a slight abuse of
notation we will denote by the same letters also the smooth functions on 1474 given

by the formulas ja(z) = j(a™'/?p(2)), ja(z) = j(a"/*p()).

The following version of the IMS localization formula is due to Shubin [Sh2,
Lemma 3.1] (The abbreviation IMS stands for the initials of R. Ismagilov, J. Mor-
gan, I. Sigal and B. Simon).

LEMMA 7. The following operator identity holds:

s s B2 + 5 s [ B2
PROOF. Using the equality j2 + j2 = 1, we can write
B = jiBi +JaBi = jaBlja + jaBija + jalja, BE] + jalia, BY).
Similarly, B2 = B2;2+B2j2 = j,B2j,+j.B2ja — [ja; B2]ja — [Ja; B2]ja- Summing
these identitics and dividing by 2, we come to (J.18). O

(J.18) B? = juBlja + jaBlja +

We will now estimate each of the summands in the right-hand side of (J.18).
LEMMA 8. There exists A > 0, such that j,B2j, > %jg for all a > A.

ProoF. Note that p(z) < 3a'/? for any z in the support of j,. Hence, if
a > 36, we have j2|p(z) — a|® > %53
Set A = max{3674supxe‘;v|R|1/2} and let ¢ > A. Using Lemma 1, we
obtain
_ _ _ - a2,
jaBaja 2 Jalp(@) —al* = jaRja 2 Zja-
O

6.4. Let P, : Lg(X x R, F) — Ker B™4 be the orthogonal projection. Let
P denote the restriction of P, to the space L2(X X R, F*). Then PF is a finite
rank operator and its rank equals dim Ker BmOd Clearly,

(J.19) B2+ AL P > Ay

By identifying the support of j, in X x R with a subset of W, we can and will
consider j,P,j, and j,B™°dj, as operators on W. Then j,B2j, = j,Bm°4j,.
Hence, (J.19) implies the following:

LEMMA 9. juBEjs + AejaPija > A2, tkja P ja < dim Ker BP9,

For an operator A : L%(VNV, F) — L%(VNV, F), we denote by ||A]| its norm.

LEMMA 10. Let C = 2max { max{[j/(t)|%, |7/ (1)} : t € R}. Then
(J:20)  |llja; la: B2 < Ca™, |lljas la, BRIl < Ca™h,  forall a>0.

PROOF. From Lemma 1 we obtain

Hjaa [jaa Bi]“ = 2|j:l(t)|2 = 2a71/2‘j'(a*1/2t)"
Hja: [jaa Bim = 2a71/2|jl(a71/2t)|.
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From Lemmas 7, 9 and 10 we obtain the following:

COROLLARY 3. For any € > 0, there exists A = A(e,V') > 0, such that, for all
a > A, we have

(J.21) B+ M\ijuPFja > M —e,  tkjuPFj, < dimKer BT

The estimate (J.17) follows from Corollary 3 and the following general lemma
[RS, p. 270]:

LEMMA 11. Assume that A, B are self-adjoint operators in a Hilbert space
‘H such that tkB < k and that there exists u > 0 such that ((A + B)u,u) >
u{u,u) for any wu € Dom(A). Then N(u—e, A) < k for any € > 0.

6.5. Estimate from below on N (A4 — &, (B)2). To prove Proposition 1
it remains now to show that

(J.22) N(A: —¢,(BY)?) > dimKer B! = dim Ker Bi‘f’ad.

Let V;fa C Lz(W, ﬁ') denote the vector space spanned by the eigenvectors of the
operator (BF)?2 with eigenvalues smaller or equal to A+ —¢. Let Hgfa : Li(W, F¥) -
VZ be the orthogonal projection. Then rkIIX, = N(Ax —e,(BE)?). As in
Subsection 6.4, we can and will consider j,IIZ,j, as an operator on L2(X xR, FF).
The proof of the following lemma does not differ from the proof of Corollary 3.

LEMMA 12. For any € > 0, there exists A = A(e,V)) > 0, such that, for any
a > A, we have
(J.23) BPU 4+ Mijo0lTje > A e, tkj 055, < dim N(\x — ¢, (BE)?).
The estimate (J.22) follows now from Lemmas 12 and 11.
The proof of Proposition 1 is complete. (Il
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